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PART I 

Establishment and General Solution of the Equations of the 

Problem Discussed. 

§ 1 . General Sketch of the Problem proposed. 

The consideration of the stresses and strains which occur in a rectangular 
parallelopiped of elastic material subjected to given surface forces over its six faces 
leads to one of the most general, as it is one of the oldest, problems in the Theory of 
Elasticity. Lame, in his ' Legons sur TElasticite des Corps solides/ published in 1852, 
describes it as '' le plus difficile peut-6tre de la theorie mathematique de T elasticity.'' 
In spite of repeated attempts, however, the problem remains still unsolved. 

In its complete form it may be stated as follows :— - 

Let the origin be taken at the centre of the parallelopiped and the axes Ox, 0^, Qz 
parallel to its edges. Let the lengths of these edges be 2a^ 26, 2a Let u, v, iv 
denote the displacements of any point (x, y, z) parallel to the three axes, and, 

following the notation of Todhunter and Pearson's ' History of Elasticity,' let ,s*i^ 
denote the stress, parallel to 5, across an elementary area perpendicular to t^ then we 
have the six stresses 
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+ 7 + "j: y ^iid X, /x are the elastic constants of Lame. 
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Also u, t\w must satisfy, inside the material, the following differential equations, 
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+ rr^a + 'j;^^ there being no body force acting on the matter inside 



the block. It is required to find the values of u, v, w at each point, subject to the 
condition that the stress across the outer faces x=+a, y= + hz=:i+c shall be 
arbitrarily given at each point— regard being had, of course, to the conditions of rigid 
equilibrium of the block. 
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Since Lame's time the problem has been attacked by a large number of 
mathematicians, among them de Saint-Vemant, Clebsch, Boussinesq, and more 
i:^ecently M. Mathieu, M. Ribiere and Mr. J. H. Mighell. Although they have 
not been able so far to obtain the solution of the problem as stated quite generally 
aboYOj they have nevertheless made great progress with various particular cases, 
more especially those in which some of the dimensions of the block are large 
compared with the rest. 

Fuller references to their work and to the results obtained by them are given In 
the historical summary at the end of this paper, 

I 2. Object of the Investigatioii. 

The object of the present investigation is to obtain the solution for the rectangular 
parallelepiped under an arbitrary system of surface loading in two cases, when the 
problem reduces to one of two dimensions, namely :— 

(a) When two of the faces z =. -^c oi the bar are constrained to remain plane and 
the stress applied to the other faces is independent of z. In this case iv ■=! Q^ u and 
V are functions of x and y only. If the breadth 2c of the beam be sufficiently large, 
we may relinquish the constraint along the sides altogether, and we have thus the 
case of a thick plate bent in a plane perpendicular to its own plane. When the plate 
is made indefinitely thick we have two-dimensional strain in an infinite elastic solid 
with a plane boundary. 

(b) When we make the assumption that xz and yz vanish at the boundaries 2; rr: -J- c, 

while zz is actually zero throughout. That this will be very near the truth if e is 
very small is quite evident, so that in any case this condition will hold for a flat beam 
or girder whose height is large compared with its breadth.'^ 

But it seems not improbable that it may continue to hold approximately up to 
a fairly large value of c ; we may remember that de Saint- Vbnant, in his solution 

for flexure, assumes both zz and yy to be zero, in the case where his beam is unstressed 
except at the ends, and his solution is sufficient to satisfy all conditions. Obviously 
vertical pressures and tensions across the faces y =z -^ (j must introduce important 

stresses yy, so that that part of de Saint-Ven ant's hypothesis, in the generalised, 
problem, must go. Still it appears reasonable to suppose, on the whole, that, even 
for a beam, where c and b are of the same order, we may, as a first approximation, 

retain the hypothesis zz = 0. Of course, eventually, as c increases a stress zz must 
appear until when c is very large we reach the limiting case of problem (a) when 
this stress is sufficient to ensure the vanishing of the displacement iv, 

Ifj however, c be not too large, so that we can suppose zz sensibly zero throughout, 

^' September 13, 1902. Ihave, since writing the above, verified that a solution for rectangular beams 
does exist, which fulfils rigidly these conditions. It is, in fact, identical with part of Clebsch's solution 
for a thick plate. 
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then the mea7i values TJ, V taken across the breadth of the beam of the displace- 
ments u, V in the plane xy are found to satisfy two differential equations of the same 
form as the equations of elasticity when the displacements are independent of z 
and ic; rr: 0, with this change, that the elastic constant X is replaced by another 
constant W The mean stresses in the plane of xy are found by differentiation from 

U and V by similar formulae to those giving xx, yy, xy in terms of u, v for two- 
dimensional strain. 

Now the distribution of such mean stresses inside the beam is independent of the 
ratio X' : /x. This has been shown by Mr. J. H. Miohell (' London Mathematical 
Society's Proceedings/ vol. 31, pp. 100-124). It had been previously pointed out by 
Stokes (' Phil. Mag.,' Ser. V., vol. 32, p. 503). The equations being of the same form 
in problems (a) and (b), there follows this curious result, that the distribution of stress 
inside the beam, consequent upon a given distribution of stress upon the upper and 
lower faces (this latter disti'ibution being uniform with regard to the breadth of the 
beam) is the same when this breadth is very small and when it is very large. 



§ 3. Establishment of the Equations, 

The centre of the rectangular beam being the origin, let its axis, which is supposed 
horizontal, be taken as axis of x. The axis of y will be vertical and the axis of z 
horizontal. The bounding surfaces of the beam are ^=rb<^jy=i:^?^ = ib<^- 

Using the notation explained in § 1, equations (2) may be written 



dxx clxy clxz 
dx Ay dz 







• (3), 
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dx dy dz 







(4), 
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Integrate equations (3) and (4) with regard to z from — c to + ^- Then, noting 

that {xz)^^^c, {y^)z^±c are both zero, owing to the surface conditions at the side of 
the beam, and also that integration with regard to z and differentiation with regard 
to X and y are independent, we find 
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Now if we write xx dz = 2cP, yy dz ^=:^ 2cQ, xy dz = 2cS, then P, Q, 
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are the mean values of the two tractions and of the shear in the plane a?^— taken, for 
any values of w, y^ across the breadth of the beam. These will in future be referred 
to as the mean stresses and often, for shortness^ as the stresses. 
We obtain, therefore, the equations 

dx , %^ ^ ^ dx dy ^ ^ 

Now consider equations (1), namely, 

"--^ . (dtf^ . dv\ , ^^ dti , . dia .. 

\dx ^ dy ) ^ ^ dx d% ^ ^' 

'^^ (d% . clv\ dv dw , s 



'''"'^ [ diK di) \ d'}0 

^^ ~^\dx'^ '^Ayj + ^^ + ^^^ 7fe • • ^^^^' 

If we integrate (8), (9), and (11) with regard to z from — c to + ^? we have 

S-a|^ + --^ (14) 

\ l,V if \A/xJL' j 

1 f"^^ 1 r+^ 

where U = „-- t^ dJa;, V = - v dz are the mean displacements in the plane of 

o^j/ taken across the breadth of the beam for any point (x^ y). They will be referred 
to as the mean displacements. Besides these there is a variable {iv^c ^ it'_^)/2o 
which has to be eliminated somehow. 

One way of doing this is by integrating (10) in the same way. We obtain 

1 f+tf.-~v /^XJ dY\ 

^^\_^zzdz.=.\[^^ + ^:^j + (^ + 2/^)v 2c 

Now if, as explained in the last section, zz may be treated as small, so that its 
mean value across the breadth of the beam may be neglected, we have 

iv^c — "i^^c __ ^ /dJJ ■ dY' 

2c ; X 4~ 2fi \dx dy 

Substituting for (u^^ — tc;_c)/2c, the equations for P and Q become 



W^c — 1(^-^^c 
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di;+"r^;+^^*7- •••■•■■ (15), 

/dU dY\ dY 

where X^ = 2X/i/(X + 2ft). Putting these uito (6) and (7), we have 

('^' + ^)s(f + S) + f^^U=» ...... (17), 

<'^' + ''I Ms + ¥ ) + ''^'^ = » ...... (18). 

(15), (16), (17), and (18) are precisely of the same form as the stress-strain relations 
and the body equations of equilibrium for two-dimensional elastic strain, with the 
exception that X^ is written for X. They will in fact be found to be identical with 
the equations satisfied by the displacements of an elastic plate under thrust in its 
own plane, as obyiously they should be, since, when the beam is made indefinitely 
thin, the mean displacements U, V coincide with the actual displacements w, u 



I 4. General SolvMon of the Equations in Arbitrary Fufictions* 

dlJ dY , 

If we write --^ 4- -~- = S x + it/ = £ a? — itf = rj, .where -^ = 4/— 1, so that 

-^^^ 4. ^--^ rr 2 -7- and — — . '^ - =2 ,-> multiply (18) by i and add to (17), we 
&j di/ dfj dm ttf af 1 j \ / ^ \ / 

find 

dS 

2 (X^ -f- f^) 7 "4~ /^^^ (U -4" ^~^) = 0. 

Multiply (18) by i and subtract from (.17) 

dB 
2 (y + /^) Tp + /^V^ (U — iY) = 0. 

jDUu V — ' ^ ^ J ana 11 x- — u-f-i/V, vv=u-— t-v, tiien 

{%C tiff 

dx dy d^ ^ * V df} ^ ' 
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(X + m) ^^(^^ + -^^ j + 2/. ;^y^^ = 0. 
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From these, by simple integration, 



dT dW 
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>- where ^^ (^), )(^ (t;) are arbitrary functions. 
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1 



'^==4(X' + 27)t^'^'^^) + X(^); 



1 . 



4/A 



#'(0"X{^)] + <^(0 . • (20), 



where F (tj), G (i) are again arbitrary functions. 
Hence U and V can be found almost immediatel 



y. W ritmg 



we have 



«(^)-iv+2:.^'^'^^^==^^(^^ 



u=:.4+-^^^.{<^(0 + x(>?)}+:i^.Tr£-y^ 



8/* (V + 2/j,) 



4fj, X' -'r 2fj, 



'^=8^2k'^^)-^(^)^-4,^^iy(>^(^-^^i^)^ ■ (22), 



from which we obtain easily 



4 (X' + 2fi) 



ff(«+xwi+-aiv.^f*"(« 



X" i'n)} + /aG'i (^) + iiY\ (rj), 



Q = 4(X'TV) ^*^' (f ) + X' (^)} -- 2 |'T2^) ^> (^'' (^^) - X" (^)) - /^G\ (I) - /xF, (^), 



s 



fx^Jf^^ .^^^^ (^)+x" (>?)} +i ,Tf£ ^ (f (£) - / iv) ) + /x^- (G', ii) - F/ (^)} 



2 (A,' + 2/i) 
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and these last may be put into the simpler form 
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*^^l + 2Tx^,)^4)^'^^^^+^^^^^+'^^i^^^^^^ + ^-^(^^^- • '^''^' 
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W -\- fjb d 



\ -\- fi 



d 



A \ 



d 



«= ix'T2,^-2(vi:w*?i;iy '*<^> + ''«5-''5-^<^'«) + ^'<''>^ ■ <'*> 



\' + fju d} 



X'-f-/x d 



d 



which have the advantage of not containing imaginaries if (/> (^) + ^ (r)), G^ (^) + F^ (7;) 
are real. 



§ 5. Solution involving Hyperbolic and Circular Functions, 

Assume now for the arbitrary functions the following typical forms 

^ (^) = A sin mf + ^'B cos mf + E cos m^ + ^F sin 7nf , 

^ (7;) == A sin mrj — {B cos mr) + E cos mrj — t'F sin mr] , 

G^ (£) = C sin mf + ^^ cos m^ + G cos mf + iH sin mf , 



BO that 



F^ (t;) z=z C sin m?; — iD cos mi; + G cos mr) — zH sin virj , 

^ (f ) + X ('7) ^ ^ ^^^ ^^^ (^ ^^*^^ ^^^ "^ -^ ^^^'^ '^^^?/) 

+ 2 cos mo? (E cosh my — F sinh ??iz/) , 

•— 2i sin mx (E sinh my — F cosh m^) , 

Gj (^) + F^ (7;) =: 2 sin mx (C cosh my + D sinh my) 

-\- 2 cos mx (G cosh my — H sinh my), 

Gi (^) «- F^ (tj) = 2^ cos mx (C sinh m^/ + D cosh my) 

— 2i sin mx (G sinh my — H cosh my). 



Whence from (23), (24), (25) we get after some reductions 

(3A' + G) cosh my + (3B' + D') sin my 
cosmx •< 

+ 2 my (A^ sinh my + B^ cosh my) 



P^ 



1 



+ sin mrr 



(3E' + GO cosh my + (3F' + H') sinh my 
+ 2my (— E^ sinh my + F^ cosh my) 



r' 



* • 



Q = cos mx 



(A^ — C^ cosh my + (B^ — ■ D^ sinh my 
— • 2my (A^ sinh my + B^ cosh my) 

(E' - GO cosh my + (F' -~ H^ sinh my 1 



+ sm mx < 

-— 2mj/ ( — E^ sinh my + F^ cosh my) 



J 



(26), 



• • (27). 
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s 



sm mx 



(A' 4" C^) sinh my + (B^ + D^ cosh my 
+ 27?iz/ ( A^ cosh my + B^ slnh my) 



\ (E! + G^ sinh my — (H^ + F^) cosh my \ 
+ cos mx < ^ ^ ^ y . , 

! + 2m2/ (E^ cosh my — W sinh my) 



(28). 



where A^ - '~ ^^^-^^ A B' - "^^ ^^-^-^ BE'- '^ ^^-^ E F' - "^ ^^ + ^- p 

C' = 2iJLmC^ D' ==: 2/xmD, G' = 2/i?nG, H' = 2/xmH5 and the expressions for the 
mean displacements come out to be 



U=:sin mx 



1 



-', (A' cosh my + B' sinh my) + C cosh m,y + D'sinh m^/ 



2m/z [ X' + />6 



1 
+ — ?/ (A' sinh m.y + B' cosh my) 



+ cos mtx 



1 rV + 3//, 



2m^ [ X' + /i 



(E' cosh m y — F' sinh my) + G' cosh my — H' sinh my 



+ — (E' sinh my — F' cosh my) 



(29). 



V=r COS??lX* 



' 1 

2m/i, 






(A'sinhm^/ + B'coshm?/)— C'sinh-wiy — D'coshmy 



+ sin mx 



1 rv-f^3/x 

2mfjb\ \' -{■ fjb 



(A' cosh mi/ + B' sinh my 



( — E' sinh m^/ + F' cosh my )•+ G' sinh mi/ — H' cosh ?7i?/ 



+ "^ (E' cosh my — F' sinii mi/) 



(30). 



§ 6. Determination of the Arbitrary Constants from the Stress Conditions over the 

Faces i/ =: + fe. 

We shall suppose that the mean stresses Q and S are given arbitrarily over 
the top and bottom surfaces y :=^ ±6. Expanding these in Fourier series^ we 
have, say : 

[Q]y=.+j rz: aQ + Sa^ COS mx + l^y^ sin mx 

[Q]y=:-~5 = ^Q + 't^n COS mx + SS^i sin ma:? 

[S]y_+j r= ^Q + ;SL cos mx -f- Sk,^ sin mx 

[S]y__^ =: ^Q + S^« cos m;r + Si^^^ sin mx 



> « 1 



(31). 



/ 



where a^, /3,;?, y^^, S;^, t,n., 0^ Km ^« ^-^e know^n constants, and m == mr/a where n is any 
positive integer. 

Now, if we take expressions (27) and (28) and equate them, for i/ = i 6, to the 
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expressions (31), we obtain eight typical equations for the constants which, when 
combined in pairs, may be written in the simpler form : 



a 4- jS 

(A^ — C^) cosh mh — 2mb k! sinh mh = -^-^ — 



(A/ + C^) sinh m& + 2w6 A^ cosh mh 



K'ii -— Vji 



*^ . • » . I ij Zi f , 



(B^ — D^) sinh mh 



2mb o cosh mo == — ^ 



(B^ -}~ D^) cosh mh + 2ml) B^ sinh mh 



/^« + Vn 



r 



If & 



^ 



> (oo), 



(E^ -— G^) cosh mh ■— 2m6 E^ sinh m& = 
(E'' + Gf^ sinh mh + 2mh W cosh mh 



7» 


+ S»1 


?» 


2 




2 J 



» • • 



(34), 



(F' — H^) sinh mh — 2mh F^ cosh mh ^ 
(W-^ W) cosh mh + 2m5 F^ sinh rah =:: -— 



7: 



^^ 



'n 



tn + ^«, 

5 



> 



« V 



, (35). 



These equations solve in pairs. We find easily 



«« + A sinh m5 

2 sinh 2'//?7; + 2/7i5 



■■■ ■I iixa 



K-n, *~~* 2^7^ 



cosh mh 



2 .sinh 'Zmh-^^mh 



« 6 » . » .9, 



(36), 



c 



^« + A sinh mh + 2m& cosh mS ^ a:„ — z/« cosh m5 — 2m'b sinh w5 



2 



sinh 2mh ~\- 2mh 



9, 



sinh 2m'b + 2?/'^& 



• (37), 



T>/ __ ^'^ /^^'^ 



cosh ??2& 



sinh 2w5 — 2m'b 



+ 



/^« + M 



11 



sinh ??i5 



2 sinh 2m5 — 2m& 



V » » 3 



■ . (38), 



D' 



«« — As cosh w;Z) + 2m5 sinh mh Kn + I'm sinh inb — 2mh cosh mh 



2 



sinh 2??i5 — 2mh 



■ ■^» i»i »> 



2 



sinh 2trt5 — 2m5 



, (39), 






7« + ^11 



sinh m6 



2 sinh 2mb + 2m6 



^nA^M* 



bw i7.;^ 



cosh m5 



2 sinh 2m'b 4- 2m5 



• t» » 9 



• (40), 



^f jn + hn sinh r/i& + 2m'b cosh m& , ^,^ — d^i cosh f?i5 — 2m'b sinh m& 

2 sinh 2m'b + 2m/; 2 sinh 2m& + 2m?; 



9 « 



(41), 



F^ 



7» "~" S» cosh mh 
2 sinh 27?i5 — 2m 5 



r. + 4 



sinh m'b 



2 



sinh 2?«?; — 2mh 



» » e • • 



(42), 



H^ 



7« — S,^ cosh 7/1& + 2m& smh mh tn + On smh ???,& •— 2m& cosh m.& . ^. 

: _ 21 ____ (4R| 

9 cnSVK 9^«7i ___ 9.1,, 7. O o-,\.l^ 0/,..7. 0^.o7. * \^*^/: 



sinh 2mh — 2w?& 



sinh 2mh — • 2m& 



where in the above n corresponds to a positive integer. 
The case where n =^ has to be investigated separately, 

YOL. CCL— A, h 
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§ 7. Expressions for the Displacements and Stresses, 

Substituting the values of the constants found above into the equations (26)-(30), 
we obtain for the mean displacements U, V and for the mean stresses, P, Q, S the 
following values, in so far as we merely consider the terms corresponding to n = a 
positive integer : — 



U = 



00 

t 

1 



i^n + ^n) 



1 



X' + fjb 



4- (fCn — Pn) 



sinh mh 



1 



1 

— m?> cosh ml) 

M J 



+ 



1 



A -{- yLfc JUL 



cosh ml) 



1 . 1 

— mh smh m.h I 

/^ J, 



2m (sinh 2mh -f 2mh) 



cosh my sin mx 



00 

I 



r 1 1 . 

(a« — ^^,) J " cosh onh — — m6 sinh mh 

X + /^ /^ 



i 



^/?2/; cosh m. 



4 



2m (sinh 2m 5 — 2m5) 



- sinh m^ sin ma? 



00 



r y J ^« ili^ ...^ ^hih m5 

I \ 2/>t sinh 2r/i?> + 2m& 



I ^2l_. ^'^ 



cosli m'b 



2/x sinh 27/1& -f 2:inb 



y sinh '??i^y sm mx 



+i|"^r^" 



cosh ^?i5 



1 [ 2/i sinh 2??i5 — 2??i& 






^» J ^?t 



sinh mh 



2/jb sinh 2^?i5 •— 2mh 



y cosh wi/ sin mx 



00 



1 



(jn + Sn) 



sinh 7?i& 



1 



}_\X + /u, 



/,(/ 



'??!?} cosh m?; 



1 \ 

7i 



cosh t?i6 



9??6 sinh mh 



f^ 



2m' (sinh 2mh + 2m'b) 



cosh m^/ cos mx 



00 



1 



{%l - s«) 



+ (?. 4- 0n) 



cosh '???.5 



1 



7?i& sinh mh 



1 \ . 



> 



1 1 ^ . 1 

Y- ~^. \ sinh mh ~ — - m?) cosh mh 

X^ ~\- jjb /Ji / jJb 



2??i (sinh 2mh — 2?7i?>) 



Sinh my cos 77i^ 



00 



+ 2: 



(7w + S^^) sinh ^?2?; 



2/x sinh 2??i6 + 2?ri5 



+ 



{^n — $u) cosh mh 



2fjb sinli 2?n-5 + 2mh 



y sinh '/n^/ cos mx 



1 



2/x sinh 2mJ? — 2m& 



•MiJai^ 



i^n + ^«) sinh m& 



2fjL sinh 2??i2> — 2?}iZ^ 



y cosh m,y cos ma^ (44). 
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(«.. + A) 



-f — ) sinli m5 + ^^ cosh mh 



ml) 

ml) . 



cfy 



V 



1 



[ 1 

+ {iCn — Vyi) < ^ cosh ml) + ■ — - sinh mh 

2m (sinh 2mb -f- 2ml)) 



Biiih my cos 7nx 



(Un — /3m) < 



1 1 ^' 

-f \ cosh '?yi5 4- "^- sinh m5 



X' + /// /xy 



9e5 . 



00 



1 



-f {^Kn 4- 2^»)^ — ^~ — -sinli mh -f --^ cosh ml) 



2m (sinh 2mh — 27?2&) 



cosh my cos ma^ 



^ I a,,, + ^„ sinh 7/i& 



1 

00 



2//, sinh 2mh + 2m& 



-(-- 7 



fCa — V 



II '^n 



cosh mh 



'). 



fi sinh 2m& + 2m5 



-S 



«M ~ ^n 



cosh ??i& 



+ 



f^u I ^H 



sinh tw5 



2fjL sinh 2??i?> -- 27?i& 2/jb sinh 2m& — 2m& 



y cosh m?/ cos m^x 



y smh my cos m.t; 



(jn + SJ^) 



i 



00 

1 



1 1\ . ml) 

-l_ ^ sinh mh -j cosh mh 

^ . fcosh mh mh . , 



2??i (sinh 2'??t& + 2mh) 



1 



sinh my sin mx 



r / 



(7« ~" ^n)' 



CO 

1 



_l_ _- J cosh mh + sinh mh 

y^ s fsinhm^ mh , . / 
-(U + ^n)i ~z-r-'-: 4 cosh mh 



2m (sinh 2mh — 2mh) 



J 



cosh mt/ sinh 7)ix 



QO 



1 



yn 4- S;, 



sinh mh 



2/ji sinh 2'??i5 4- 2wi 



00 



1 



7.. 



'?i 



cosh mh 



■■■Jn n i 



■■■Jn n i 



^« — 0u 



cosh 7? J; 



2//, sinh 2m& + 2mh 



y cosh nty sin ??ix' 



t« + 0n 



sinh?;?& 



>y sinh r^i?/ sin mx 



2/jb sinh 2';?t& — 2mh ' 2//, sinh 2mh — 2m& j 

(45) 



jy ^ (a^, 4- i8w) (sinh mh — 7?i& cosh m&) 4- (/^# — ?^m) (2 cosh mh — m5 sinh 7nh) . 

JL — « ^ ' ~~ ' ~~"" — — — — ■ . . ^ -^ ^ — - - - - — — ■ — - ~ — UOfell lit (J 

smli 2mb 4- 2mo 



cos mx 



I 

00 






(ctu~- 0h) (cosh 7nh — mh sinh m&) 4- (/^w + 5^«) (2 sinh mh — m5 cosh 7nh) . . 

--^ --^-' — ^ ^.-.^^j^^^ ____^-_^ ^ gjj^j3_ 



oo 



1 sinh 2'm& -- 2m & 

(«« 4- AO ^^*^h wi& 4- ('^M — Pu) cosh 9?i5 



my cos mx 



(^w — A) cosh mh 4- (z^;* 4- 3^->0 ^i^^^ ^^^^ 



+ 2 



1 

00 



sinh 2mh — 2m& 



'/ny cosh my cos m.x 



. (% 4- S,i) (sinh m5 — m&.cosh m&) — (^,, —• 0„) (2 cosh ';/i& — mh sinh 7?i&) , 
__^ jK^ _ _ _ _ - D 7 <> 7~ — - — - - co^^n utij sm mx 



sinh 2mb + 2mh 
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. % (7m — K) (cosh mh — ml) siiili '/?i5) — (t, -f ^») (2 sinli m& — mh cobIi '??i&) . , 
1 Sinn 2m^ —• zmb 



00 



, ^ (7« + S«) smh ^iib — (f„ — dn) cosli mh . -. 

4- % -—7 , ^--^-----^ ^ : ^^ ^___,^__^-^^ ^yi^y sum miJ sin mx 

I smli 2mo + 2t?io ^ e^ . 

, Z (jn — K) cosli mh — (t„ + ^,0 sinh mb . . . 

+ X ■ " -^^^^^^^^ ^^^^^ ^.^ my com fill/ mil 7nx . . , . , , (4(3), 

I smh 27710 — 2mi) u .^ \ / 

r-\ % (^u -f- A) (sinh »?i:> + r/i^ cosli v?i7j) + (^« — Vu) mi sinh irit> , 

Q = S ^ ^iZ_^.._,_^ ^._„ ^ L.,^^._ ^^^_,_ "-^-•-v'^ '^'^ --'^ ^- --^ ~ -■- cosh my cos mx 

1 smh 2m-o + ^^no 



'^^ '«M 



8u) (cosh '?H& -f ^?i5 sinh. ml)) + (z^,, + v,,) mb coshi 7^5 . -, 

-'--^^ ^ . - ,/ ^^ ^^-^-.--.-^-^ — ^ ^- ginii 



S^ '--^^ — ■ -. , , ■- ', , ^ -' " — "" Sinn my cos m.x 

1 smh 2m b — 2mb 

* (a,^ + Bn) sinh mb + (/^» — ^«) cosh ^?'t6 . ., 

— % ^ ' — r-v^^:. T ^-.--^^-.-^ ^^^)^^ gnili my cos ma; 

1 smh 2i7ib + 27/i6 *^ 

^ (a.;, — y8,,) cosh mh + (fc„ + v,i) sinh vviij . 

1 smh 2'??i& — 2mh ^ *^ 



00 



, .^ {"In + S») (smh mh + ^?26 cosh m&) — (L — ^.;,) mh smh -wiJ .. 
1 smh 2mib ■\- 2mb 

. ^ (7« "^ S..) (cosh '^?i& -f mb sinli t?^5) — (t,^ + Oii) mh cosh ?/i& . , 
1 smii Irm -— 2m6 

^ (7,4 + hu) sinh ^;?i5 ^ (f,, -^ 6^^ cosh;?M& . ., 

I smh 2mb + 2mb ^ *^ 

^. (7m — K) cosh mh — (f,i + 0n) sinh ?/i& , . , , ^x 

— 1,' - ^ -- -- -^-- , ^ -, m-u cosh my sm ^}iaj , . . . (47). 

1 smh 2m 6 — 2mJj ^ >j \ / 



rM S — (^n + A) ^>?& cosh.*'?;i-& + (,v,, — z;«) (cosh mh — m& smh t?i&) . , 
1 smii 2mb + 2m6 

^5 — (uu ~ /3ji) ?n& sinh t/i& + («:« + J^u) (sinh ''/n^ — wift cosh mb) , 

' ;^ _^__^___^_^_Z ^ A^^^ ^^..___^A.-_^ _.. Qg^\j jj^y gjj^ ^^-f2X 

I smii 2nth — 2/i/6 

00 



. .-. (^M + /3„) smh 7iib + (/c,, — - Vu) cosli ^//i6 ^ 

+ S ^- ™.^^ -_-_-^^^ q'^iy QQgi^ JJ2W sm. miiJ 

1 smh 2w& + 27'/i.& ^ ^ 



"% (^M -- ^m) cosh ^/>.& + (/Cji + v,i) smh ?ft5 . ^ 

I smii 2^fi& — 2mh ' "^ 



00 



""-, (7m -f S^O '^^^-^ cosh mh ~\- (Cm — ftO (cosh mh — 'Wi5 smli mb) . , 
1 smii 2'?e6 + 2mb 



(ry^^ — S^^) 'inb sinh r/^S + (^;^. -f O (sinli -i^i/) •— mh cosli ';?i5) , 



00 



1 smh 2mh -- 2«i.6 "^ 

00^ _ (^^^ J,, g^^) sinli mb + (f,, — ^4) cosli mb 

1 >, ->-- .^,^^.^.^-_^ ^^^^^.^. ryyiy QQg|^ .j^^f COS W^X 

I smh 2?ri6 + 2mh ^ ^ 



2 --- (7,, .— S«) cosh ';n.5 + (f^, + ^m) smh '??i& , , . . 

' J smh 2inb — 2mb ^ ^ ^ ^ 
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\ 8. Conditiovs at the Tim Ends a- =: i a. 

It is, however, impossible to satisfy fully the conditions over the two ends 
,x rr: J-, a. These would require that P and S should have given values over these 
ends. If, however, a is so large that, at a long distance from the ends, the effect 
of any self-equilibrating system of stress over these same ends may be neglected, 
then we need only consider total terminal conditions at .x = i a. 

These conditions will involve 

rb 

(i.) The total tension T :=:^ P dy across either end. 

J -b 

(ii.) The total shear S ==: ^ dy across either end. 

J —6 

rb 

(iii.) The bending moment M =: — Vy dy across either end. 

J —b 

I now propose to calculate the quantities T., S and M for that part of the 
solution which has been given in the last section. 
I find, after reduction, 

(T)„. = (T)_„ = ^^(k„-..) (49). 

1 lib 

1 lib 

CO / /•? \ ^ h 

- (M)+„ = - (M)_„= t '--/- cos ma + t —{k, + v,) cos ma . (51). 

Now we can always adjust M and T so as to be zero, for the solutions for a 
uniform tension and a uniform bending moment, viz. : — 



U 



V 



Tx 




'iMxy 






26E 




2&SE 






26E 


+ 


3M 
2bm 


'J? 


2 



'^ 



. . (52) 



J 



(v/here 77 == — |V(^ + p) ^^^J- ^ is Young's Modulus), produce no stress across the 
faces ?/ ^ di &, and therefore such solutions can always be arbitrarily superimposed. 
They correspond to stresses which are transmitted from the ends ; and we shall find 
that it is necessary, in various cases, to add such solutions in order to satisfy the 
end conditions, which are not necessarily satisfied by the series merely involving 
circular functions. 
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§ 9. Part of the Solutions Correi^'ponding to the Terms a^, /3q, ^q, 6^.. 

In the first place it is obvious, having regard to the conditions of rigid equiUbrium, 
that if the ends a; == ^-t: a are free from, stress, then a^ must = /3q. If a^ ^ /3q we 
must have a shear over the two ends in order to balance the excess of the pressure 
on the one side over the pressure on the other side, and this will require special 
investigation. The solution arising from such conditions is discussed in §§ 39-40, 
For the present let us confine ourselves to a^ ■= ^^^. This corresponds to a uniform 
traction along the axis y and introduces the following additional terms :—- 



U 






Y 



E 



^ • 



P = 0, 



Q 



a 



0? 



S:=0 



(53). 



Now turning to the terms in ^q and 9^, it is easy to verify that the additional 
terms 



U = 



16yL6 (X' + fJb) 



X' 



3X^ + 4/x 



(4 -- e,) \ + ^^^: :^^ (4 - ^o) 



h 



1) 



'^ = 8^"(V+7^)(^o"--^o)'| 



and therefore 



Q- 0^ 



P 



?() — ^( 

21) 



tAy . 



2ft ^ 



, » I 0-± K 



satisfy the conditions that S shall have constant values over the two boundaries 
y = dz &? these values being equal in magnitude and opposite in sign. The eftect of 
these shears is balanced by the pressure and tension (Co -^ ^o) <^/26 over the two ends, 
and the conditions of rigid equilibrium are satisfied. 

Finally, if we have equal shears over the boundaries, the sign being the same (so 
that the external impressed forces act in opposite directions), the solution 



U 



1 



4yL6 
P rz: 0, 



(Co + ^o) jy. 



Y 



4m 



(Co + ^o) '^ 



> 



S=i(Co+^o) 



(55) 



will satisfy all conditions over the boundaries ^ = dz &? ^iid will introduce over the 
boundaries ;r = dz <^ a system of shear necessary to maintain rigid equilibrium. 

Adding together the solutions (54) and (55), we find that the conditions Q = 
over ^ = dz ?^ S = Co ^^^^' y =: -^ h, 8 =: 0q over y ^=2 •^ b are all satisfied. 

This completes the solution of the problem proposed, with the exception of the case 
olq -k /3q, which can be reduced to the problem of a beam uniformly loaded along the 
top and free along the bottom, the load being taken by shears over the ends. 
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JTxxXvX -LX. 

Discussion of the General Solution when the Forces on the Beam are 

Purely Normal and are Symmetrical about x = 0. 

§ 10. JEx^yressions for the Stresses and Displace/ments. 

If the forces are purely normal, and if the solution is to be even in x^ then the 
y, 8, ^, 6^ K", V terms disappear. 

Further, we have the additional condition that, over the ends .'t = i a, T = 0, 
S = 0, M = ; by introducing suitable terms of the form (52) we can satisfy this 
last condition, and we finally obtain 



7]Urf}i 



00 



U ^ --^^ ,^^^^ t {a, AO 



cos i7ia 



rw 



■^ 



/I . 1 

/ _____ — gxnli nib ml) cosh m& 

I 2 — — _____^ QQ^Y\ my sin mx 

1 Zm siiih Imh ~\- 2vib ^ 



CO 



1 



00 



1 



{a,, — /3,,) \V + fx 



cosh ml) 



1 



/^ 



mh sinh mh 



CO 

1 



2m sinh 2mh — • 2m& 

'-. («» + At) ^ sinh mZ> sinh my sin '^7^^' 



2/x 



sinh 2mh -f 2^??& 



+ i ^^ 



~ sinh m^ sin mx 

- AO ?/ cosh onl) cosh ?m/ sin mx 



2jji 



sinh 2'//i7; — 2mb 



L 



V 



6 far — rjif 



E "^ 25^E \ 2 



00 



j?< 



a 



n 



^ . cos ^?ia , -^ 

A.) ^ ^^o +B 



1 1 \ . 1 

^ . . ___ _|_ — ginh 7??irH- mh cosh 7»?^ 



277?.. / 



sinh 2mh + 2w& 



sinh m?/ cos m.x 



1 



00 



-j- 2) 



a 



;« 



A^ 



1 \ 1 

- H ) cosh mh -f- — mh sinh 7?i& 

\' -f yU- /^/ /X 



(56). 



2??2 



sinh 2m& — 2mh 



CO 



(5d,i + AA y sii^h m& cosh my cos mo? 
2/.t / sinh'2'm& -f 2m& 



^ / a. 



2fji 



cosh m^y cos mo^ 

Am\ y cosh '?7iZ^ sinh my cos m^ 
sinh 277i& — 2?7777 



J 



where B is an arbitrary constant to be determined from some condition of fixing. It 
merely corresponds to a total vertical displacement of the beam. 






^ . cos ma , ^ . ^ n \ s^^^h onh — mh cosh m& , 

M/) ■ ...s + s (ot,, + A/) ^.^:;ir9:.77r7~):::7r"' ^^^^^ ^^y ^^^ ^^^^ 



■> 



m--- 



sinh 2771?; H- 277i& 



CO 



+ S (a,, 



^ V cosh mh — w5 sinh mh . ^ 

Aj r - ,,"T^ — ;." 7 — sum mt/ cos mx 

' smh 2m/7 -— Imb 



>i^n 



^, ^ V w,_^ sinh m& sinh my cos m,« . ^/ ^ . my cosh mb cosh my cos mx 
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. ^ / t n \ siiili mh + mh cosh m5 , 
oe^ + S (ot,^, + BJ r-7-7r~; — 77-, — cosh mt/ cos '/>ia? 



CO 



S (ci,, + /3,) 



mij sinh 7?^& sinli my cos 7?iaj 
sinh 2ml) 4- 2m& 



00 



+ ^( 



a 



)i 



_ . cosh mh + '?^^-& sinh ■??!& , . , 



2 («; 



f^??/ 



00 



S r:= — 2 (a,, 4- ^,;,) 



sinh 2m7; — 2o7ih 

my cosh 7116 cosh my cos r/i,':/:; 
sinh 2m}) — 27?i& 

??i& cosh mh sinh 77^/ sin ma; 



sinh 2mh 4- 2??2.& 



00 



00 



(' 



■^^ , . 7?^?/ sinh ml^ cosh my sin 7720; , 

+ ^ (a, + /5,) -- ' sinh 2771 6" +27725 + r ^ 



a. 



V 



Pn 



) 



^«) 



7/?.77 sinh mh cosh 7?i?/ sin mcc 
sinh 2772^ — 2mi^ 

????/ cosh ml) sinh 7??.2/ sin ???^ 
sinh 2ml) — 2mb 



(57). 



J 



§ 11. Approximate Values to ivhich the Expressions 0/ § 10 lead inhen '^6" is' made 

very small. 

If 6 is very small compared with a, so that, even for certain fairly high values of m, 
ml) is still small, we may expand the coefficients in (56) and (57) in powers of mh^ 
and also we may expand cosh ri%y and sinh my in powers of my. This is the method 
which has been employed by Pochhammer (^ Crelle's Journal/ voL 81), 1 have 
shown in a previous paper ('^ On the Elastic Equilibrium of Circular Cylinders under 
Certain Practical Systems of Load/' ' PhiL Trans./ A, vol. 198, pp. 147-233), that 
such an approximation was valid provided that the original series and each of the 
approximate series obtained from the various terms in the expansion of the coefficients 
of cos mx, sin mx (which expansion is supposed carried out only to a limited number 
of terms) are absolutely and uniformly convergent for the region considered. 

Assuming that the values of a^^, ^^^ are such as to ensure that these conditions are 
satisfied, let us see what happens when^ in the expressions for the displacements 
U and V, we neglect all terms of order greater than — 1 in Wo, 
Nq find 



Zxy «^ 



T] ^ ^ ^M^ 2 (a >-- B) ^^^^ 4- t 



1 



1 \X 4- /x 



1\ 



a. 



f^i 



n i 



Pn 

— Sin m.x 



)m 



00 



1 



a 



n 



A.. 



o 
Z/ 



1 / 

- — —- - X -r 



X' -f /x \' 



07 O 

m-'b" 

9. 



7 

771'^ 6" 



JJb 



I 



im^h^ ( 1 4- 



O / f 

m'^O' 



o,/,3^ 



5 



. ^ {)■ 



J/ I 1 + ^^y- j sui m.x 



CO 






a 



n 



n 



2fi 



Q Q 



9. 9 



~km-'¥ 1 + 



mNF\ 






y sm mx 
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X' 



oxy " , - . cos?Jia 



^ - — sm mx 



m 



+ U7 



1 \ 3^ § cj,, ~ /S,, . 



X' + //^ fji / Sir 7 



m' 












Pn 



sm ^?;r . 



e « 



m 



. . (58). 



V 



O 



vy 



o 



2V'Y. 2 



. , ^ . cos 7?ir<^ ^ (a„ - /3n) i/^ COS mx 

1 771" 1 ZfJb 



07 Q 



¥ 



07 



1 



"^ 7 2771 ~ ^ 



+ 






Q,7.0,> 



1 + 



7}l^& 






imW 1 -i~ 



vv^b'^^ 



1 + -^" ) COS mx 



I 



cos ma 






8 



7?2' 



1 1 

""" '■ '■■■ ' ■taHlM^ "' 



00 






a 



n Hn 



A 



m 



4 



cos mx 






3 r 13V + 16/^ 



V 



7/^ 



8& [lO/A (V + /^) 2/x (V ^^ fi) W\ 1 



S ;;— COS mx . 



7?!^ 



« • e • 



(59). 



Now X {oin — AO ^^^ ^*^ ^ -^^^ where L is the difference of stress on the top and 
1 

bottom, in other words, the transverse load |)er unit length of the beam. 



S -^ -'' sin mx '=■ \ Ldx ^ Ldx s= — S. 



m 







where S is the total shear at any section. 



CD 
I 



^n Hn 



m^ 



cos mx — S 



^ a^ — ^n 



m- 



cos ma ^ + 



(•a? 



S(i£c = ~ M, 



a 



where M is the bending moment at any section. 
Integrating again : 



5 «« — A * 

S ;; — sm mx 



00 



7??.^ 



1 



^71 Hti 



m' 



cos Tna 



« 



Mc^i^c 







S :; — — 2 ■ — -z — cos mx — -r- 2 -^ — cos ma 



1 m-^ 



m 



4 



2 1 m^ 



J.i 



'X 



Mdx ) dx. 



Also if Q is the transverse tensile stress at any section Q 



2 — -;: — COS mx, and 



2 —7, sm mx 

1 2m 



Jo 



Substituting from the above values into the expressions (58) and (59) for IT and'V 

- y/{\' 4- 2/x), 

/v , ^ ^ ^ 

YOL, CCI.— A, M 



T 



"1 "1/1 

we find, remembering that -j— — H = "^ and -w 
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y (60), 

3 rp,^,„ 3M f 13X' + 16l(, X' v^l 

"^ 2&3E Jo Jo 86 [10a6(X' + ^) 2/.(V + /x) /^^J 

dropping a constant in V. 

The stresses P, Q, S might be directly deduced from the equations (60) by 
differentiation. But here we require to be extremely careful, for, y and x being of 
different orders of magnitude, difterentiation with regard to y will not give a term of 
the same order as differentiation with regard to x. The criterion to be used in this 

case is this : The series L ==: — d^/dx is of order in m, and is therefore among the 

terms which we have agreed to neglect. Similarly for the series Q. In consequence, 

every time L and Q appear owing to differentiation, they should be neglected if we 
keep the same order of approximation for the stresses as for the displacements. It 
will then be found that some terms disappear whose effect is felt in the displacements, 
as it were, by accumulation. 

Keeping this rule in mind, we obtain easily 

p ^ _ 31% 

2&3 



41) 



J 



Now these are the stresses we should have obtained had we treated that part of the 

bar as free, but subject to a bending moment M and a total shear S, transmitted 
from a distant terminal. Hence we see that, to a first approximation the stress at 
each point of a bar, whatever the manner of its transverse loading, depends only upon 
the total bending moment at the section and upon the total shear at the section, and 
will be given in terms of these by the same formulae which are valid for a free bar 
subjected to a given couple and shear at its extremities. Similar conclusions follow 
from the formulae found by Professor Pochhammbr in the paper quoted previously. 

§ 12. Analysis of the Ai^proximate Expressions for the Displacements, 

Shearing Defection. 

Now if we look at the values (60) we see easily that they are composed of three 
parts. 



(i.) The parts ^1^7^ Midx of U and ry^ Wdx^, of V. 



These are what we may call the '' Euler-Bernoulli ^' terms. They correspond to a 
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strain in which cross-sections originally plane remain plane, and the curvature of the 
elastic line is at all points proportional to the bending; moment. 

— dx of U, This corresponds to the lateral contraction of the 



(ii.) The part 







material under tensions Q, and is the same as if each strip of thickness dx and height 
2b were independently stretched. 



(111.) xiie terms 



St/ 
~8& 



r 0"\ / 



b 



3M J 13V 4- IQfjL 



of U and 



X' 



y 



3 
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of V. 



These correspond to a distortion of the cross-sections and to a parabolic distribution 
of shear. 

In the particular case, where the load reduces to a central isolated weight W and 
the two symmetrical support reactions, the additional terms (iii.) in V are of the 
form (omitting the constant) 



W^) r 13X' + 16/i.l , .^ ^W (I - xyf 



8 



fih 1 20 (V + /x) 



15^ 



for a? > 



ancL 



3 

B 



W; 






fJL 



b 



ISy + 16/6 



1 I 3 ^W (I + X) / 

J » 8 J^^z 



or a? < 0. 



2^ being the distance between the supports. 

It might have been supposed that this particular problem would have been 
capable of solution by breaking up the beam in the middle and treating it as two 
inverted cantilevers, to each of which we could apply db Saint-Yenant^s solution. 
This, I believe, is often done by engineers. 

Now such an attempt is, in strictness, bound to fail, because de Saint-Venant's 
solution implies distortion of the cross-section at the fixed end, whereas in the 
present problem the central cross-section of the beam must necessarily remain 
plane, from symmetry. 

Moreover, we are left in doubt as to the condition of fixing to be adopted« Are 
we to suppose, with de Saint- Vefant, the central element of the terminal cross- 
section to remain vertical, or, with Professor Love (^Theory of Elasticity,' vol. 1, 
pp. 179-180), the elastic line to be horizontal at the built-in end ? In the case of a 
cantilever the difference is quite immaterial, as it merely amounts to a rigid body 
displacement. But here we must remember the cantilevers are only fictitiously 
severed, and the above difference corresponds to an actual sharp bend of the beam 
in the middle. 

It is interesting to compare the true solution with those obtained in this way. 

M 2 
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If we assume de Saint-Venant's fixing condition, we find, for the additional 
terms in V corresponding to (iii,). 



,i — ^ ^^- rj — -~----_^L^ Iqy X > 0, and 



8 



fib 



Wr^ 






8 



/i6 



E&^ 



The if terms are therefore identical in this and in the true sohition, but the first 
term which represents the additional deflection of the central axis of the beam, and 
which is sometimes spoken of as the shearing defl,ection, is less than in the true 
solution, being (13X' + 16/x)/20 (X' + /x), that is (42X + 32/x)/(60X + 40/x) of that 
given by the double cantilever solution^ This fraction comes to be '74 for uni~con- 
stant isotropy. 

If we assume what I have called Love's fixing condition, the shearing deflection 
disappears entirely. 

The true solution shows us, therefore, that it is permissible in this case to use the 
double cantilever as an artifice to obtain the solution, ^provided we adoj)t, at the 
section of fictitious severance, a fixing condition intermediate between those of Love 
and de Saint -Venant, but nearer to the latter. In other words, a central isolated 
load does actually introduce a sharp bend« 



§ 13. Value of the Deflection tvhen h is not small and the Beam is Doubly 

SupportetL 

Suppose the beam rests on two knife-edge supports A, B (fig. i.) at a distance 2l 
apart, and a weight W is borne by another knife-edge which presses on the upper 
part of the beam at C. 



<- 



Then we have a 







.J 



^^ 






Al\ 






zl 



^> 



v^ 



ZCb 



.. — > 



ft- -A ,£5 



Fi 



cr 1 



w 



a 



^7? :p (jj^ Pq ^.j:: ^q, p^^ — 



W 71171 

~- cos — . 

a a 



The central deflection of the elastic line (what de Saint- Venant calls "la 



fleche de flexion'') is then given by /::=: V^^^^^q 
and ^'s in (56), we find 



Va:=.r)y^c,; substituting for a's 
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/ _ ^ nZ ^^^ ^'^ ^ / ^^'^^ 
"^ 453E 1 ??i^ <:i^ \ a 

"7 1 1 \ , mh 

CO ^^^ / 7 \ i 1 w"; — H — cosh m& -t" — ■ sinh ml \ , , 

1 ^ \ €b J 2,1% siiili Zmo -— 2«i6 \ a- / 

3 P' W 

Now the first term can be evaluated. It is --;; -^7„ ■ ':^\ We have therefore 

16 ao-^ E 

1 f^TrS 1 /' oiirh nwh nirl) 

cosh — — -f- — f cosh + sinh 



•j- — -~ . -. J«. V < — -=-«-=—«— ^ ->™_ „ „ — , — — ■■ ™,.»„.,™_™_-__- — _ j j^ ,_^ COS — ~~~ I 

^ 16E&% i2mT I . 2?i7r& 2%irh\ \ a J' 

. g^^-^i^ _--^ 



I 



\ 



a a j 



Now let us remove the ends to infinity, that is^ make a very large. This will 
transform the S above into a definite integral. It is easily seen that the term under 
the S remains finite and continuous when n is made zero ; we may therefore take 
our limits from to co , We then obtain, putting mrbja == ii^ irh/a = clu : 



.CO 



1 , 1 \ '^■^ 

+ — cosh ic 'f — sinh z^ 






cx^xr \ 7:," cosh 1^ 4- "^ sinh u , , ^ ,« 7 

2W I E jL . ul \-i' du 

sin '^-r — ^ 



or writing ^/2& = \, 



IT Jo sinli 2ii — 2u \ ' 2bJ u 
"^ [4cU^ cosh u. 'W^ sinli 'ii 

Z^'^lo^)! — i^^i:'v:rz £ — ^\^^^^^)dii .... (63). 



Now (sin u\q/u\q)^' is always < 1, so that 



.00 



4 ,, 'u^^' sinh w 
2^^ cosh 'U -h ""- ■ 



2\¥ / / \4 I E /i, 

TT \25/ Jo sinh 2«' — 2u 






and / tends to become equal to the right-hand side of the last written inequality 
if 1/21) becomes small, that is^ if we make our supports close up. 



„_- , , , r u^ cosh u du -, f t{/^ suih u dio . i i , t i i , 

Ihe mtoOTals ~^;— --^ ~- and ^^^-^-^---- — -^ when calculated by quadratures 

^ Jo snih M •— 2u Jo smh Z'U — 2% - ^ 

come out to be equal to 7*22 and 24*82 respectively. 

We have therefore f ^'^ — (~^j) [--^-'j---^ A , . . . , , . .(64). 

Now if /o be the Euler™ Bernoulli deflection, that is, the deflection calculated in 
the usual way by taking the curvature proportional to the bending moment and 
fixing, so that the elastic line is horizontal at the origin, 

Comparing (64) and (65) we see that the true deflection will certainly be less than 
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the Euler- Bernoulli deflection if I ( 28'9 + "" 24*8 ) < 27r6 ; or^ I < '069 h, if for pur- 
poses of numerical calculation we suppose uni-constant isotropy and therefore 

So that if / be less than about Q-g-'th of the height of the beam, the correction to 
be applied to the Euler-BernouUi deflection becomes negative. The critical point 
where, as we shorten the span, the correction passes from additive to subtractive 
corresponds to I slightly, but only very slightly ^ greater than '069 6, as in the 
neighbourhood of this value \ is quite sufficiently small to make (sin u\i%ik^'^ :=: 1, 
a fair approximation for all the most important part of the range of integration 
of the integral in (6e3). 

We see therefore that when we have a beam loaded in this v/ay, with a section 
of symmetry constrained to remain plane, the deflection at the centre, for all spans 
greater than 2~8"th of the height, is larger than the one indicated by the Euler- 
Bernoulli theory. In the limit when the span is made very large, this additive 
correction is found to be of the same form as that given by de Saint- Venant for 
a cantilever under special conditions of end fixing, but the coeflicient is different, 
the correction being just under f ths of de Saint-Venant's value. For spans smaller 
than -^gth of the height the correction is negative. 

§14. The. Douhly- supported Beam under Central Load. Expressions for the Strains 
and Stresses when we remove the Supports to the Two Extremities. 

Going back to the general expressions for IT, V, P, Q, S given in § 10, if we have 
a beam as in § 13, but we make the two supports coincide with x ^^^ ■:j[: a, we have 

^0 — Po -— "^ 9,;? ^^^ — "^ 77? P'^^ •-- -" (™ 1}'' -;7 , 
with the following values for the displacements and stresses :~— 



U =: — - i --- -;--—---—--- / -- gj^Q_ 2mTX Oj Sinn ^Zniry a 



« ^ ~r-7— r, — —7- — — T-. — -- sni {2n + 1) TfX a cosh (2n + l)m//a 



I 



W ^ a 



cosh (2?^ + 1) 'Tr'bja 



V + /-6 



— - ^-—~ smh (2n + .1.) iro a 



— S 7^- — ~Ti"\"~ \ ~~'''1'~7~A — r^^^^:^r~VJ Ta -~-~":^-y"- / sin (2r^+ l)TTx/a sinh (2n4' 1)771/ /a 

a (2r^ + l)7r \ femh(47^ + 2)iTh/a — {4:n + 2)7rl)/a / \ • / / \ i J Ji 

^^r ( ^rr — sinh 2n7rh/a ■ cosh 27i7r'b/a ] 

' — z, ;, — ■ • ~:~r~A — 7~i — ~~~. — ~^-,~i sm "Zmrx a cosh 'Zmry a 

a 1 2711T ^vcih 4:71170 a + 4nirola ' 



3m 1 ^ 7)Wx 
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sinh 2mrh/a 



jjM 1 sinh4«7r5/« + Azmrhja 



cos 2'mTx/a cosh 2mryla 



j^y^l^. 



cosh (2n + 1) irhja , . . , . i /^ . ^ v , 

/^c& smh (47^ + 2) TT^/a — (4??. + 2) 7r&/a ^ i / / \ i / ^/ 



— ■ • 2 



j — r h ~ j sinh 2mThja -\ — cosh 2n7rh!a 



ft 1 2nir 



sinh ^innrbla + ^znirhlo. 



COS 2mrx/a sinh ^mryja 



a 



1 1\ 

^7 j — cosh 2n-\-\iTh\a 

^ ~\-fjifjbi 

1 2'?i + l7r& . , x'''"^^^ 7/ 

^_ „ . — _ ginh 2^4- l7r6/<x 



(Q^ 1 (272 + 1) TT sinh (4:% + 2) 7r&/« — (4?i +2) 7r&/a 






E(2 



~|- B 



cos (2?d.+ l) ^^/<^ cosh (27^+1) ^2^/<x 



(67), 



• ««•«» 



• • 



where B is a constant depending on the origin from which the displacement is to be 
measured. 



p ^ _ %^ V 



1 



&'V^ (2n + 1)2 

^ 2W sinh 2n7r'b/a — (2mr'b/a) cosh 2n7rJ)/a ^ , .. ^ , 

S ~'"T-T--7---7;; -—----:—- — ^- cos 2n7rx ct cosh 2niTy/a 

1 a smhAnTTO/a -i- 4:n7ro/a ' '^' 

^ 2'W" {2ninj\a) sinh 2nm'h\a ^ / - i ^ / 

2 r-r-r^T^ :« — TT" COS 2n7rx a smh ^niry a 

1 6^ smh 47i7r/V^ + 47i7r/?Ai 



^ 2W cosh 2^ + 1 7r&/« — (2n + l7rh/a) sinh 27i4-l77Z^/a 



cf^ 



sinh (4?i + 2) 7rh/a — (4^2 4- 2) irh/a 



cos 271+ iTT-Q^/cif' sinh 2n-\-l7ry/a 



-t 



^ 2W (2^2 + Imija). cosh 2?^ + l7r&/« 



6i^ sinh {An + 2) 7r&/a — (4?z + 2)7Tbfa 



COS 2n+l7rcc/a cosh 2?z + 1^2//^ • • » (68). 



Q 



W <» 2W sinh 2n7rh/a + (2n7rh/a) cosh 2niThla , , , 

- S "- . -7-- — 7^ — 7---, — 77 -'— cos 2mTX a cosh 2n7Ty a 



2ci 



sinh 4:n7rhla + 4.7i7rh/a 



, * 2W (2n7ry a) smh 2niTl a ^ / » i .. 

+ S — .7-7 '-77— ^ — 77" cos 2niTX a smh 2mTy a 

I a smh A.niTO a + Anirb a ' "^ ^ 



'^ 2W cosh 2n+l7rhla + (2?i+ l7r&/(x) sinh 2?i4- iTr^/rr 



2 
^^' 



sinh 4?2 + 27rh/a — 4^1 4- 27rhfa 



cos 2n+l7ra?/a sinh 2n+i7'"2//a 



. '^^ 2W(2?^+l7^?//a)cosh27^+l7^&^6 7"^^ / . ^— ^ 

+ S -7- - - tzt: ::::-:;: — " cos 2n+ Irrxja cosh 2n+ Ivr^/a , . . . (69). 



a 



sinh 4?i + 27r'bja — 4?i + 27rh/a 
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^ 2W (2mr'bl(i) cosh 2n7rh!a . ^ / » i ^ / • 

b = S — ^^ -^.--^A^ — I- gixi 2>mro:^ a smii 2nmjla 

I a siiih Amroci + 4-n7ro a ' 



» 2W (2n7ry a) siiili 2n7rh a . ^ , . ^ , 

2 - — - -^^^—--^ — --y--^- — -- — ^^^ sm 2n7TX/a cosh ^mry a 
I a smh 4?i7r6/a + 47^7^/}M ^ ^ 



-f- S — "■• ^^-;^;^-^-- -;;;;^^^- — ^-■— Sill 2n-{" Itto^ j CI cosli zn+l'^?//^^ 

^ ' sinli 4:72. -f 27ih/a — 4«. + 27i"/}/r/'. 

§ 2W (2?^ + l7^.y^^) cosh 2^1+ l7r5/r^ . ^^"^:^. z ^ . o"'"^!^-! / /^a\ 

«-S^"T"-- — ---~^^^^ -^ -'~~ Bm.2n-'}-LiTx/€iBmh2n-^l7ry/a „ . , . (70). 



('^ 



sinh 4??.-f 27r?)/<% — 4n'\~ 27rl)i(i 



S 15. Definite Integrals to ivhich the expressions of the last Section tend tohen ive 

f}ialm ^V^" iiery large. 

If we make a very large, the S's in the preceding expressions will become integrals 
in the limit. It will be founcl^ hoAvever, that certain terms in the last found values 
of U, V, P, Q, S b3come infinite when is su.bstitnted for bja. In. these cases the 
sum m.ay not be directly transformed into an integral The reason why this occurs 
is that, if a be made infinite, an infinite bending moment -JWa is introduced at the 
centre of the beam. It is this mioment which produces the parts of the displacements 
and stresses that become infinite when a is infinite. If, however, we apply at the 
two ends pure couples — -g-Wa, v/e get rid of this infinite moment, and we have only 
the terms due to the local efl^ect, vv^hich produces only finite stresses at a fimite 
distance from the origin* 

Thus, if in U we add ' — ^ |- -- :^-^-y-~----^^^-'^^^--^^-^^ to the second t and — % i -, — —.— -" — 777-- 

to the third S, these S's remain finite even w heri we make a == 00 , We have, 
however, to introduce negative terms to balance those that have been added. 



/ 1 . l^'^ 4 



GO 



liememberino: that ( r^ — + "- ) =^ r; a^nd % :;: — - - :- = rr^/S, we see that the part of 

XQl W ft 

the series in U which becomes infinite, is — f ^'zr:-'-\ which, added to the other infinite 

term in the last line of {&6), gives for the infinite part of IJ : 

xy W a 






11 .^ 



Similarly with V. The terms which have to be added to the second and fourth ^'s 
to make them, finite in the limit are 



33/nV ^ €(? 



. o 7 q J 



4/ia 7 (2mH-^l)V'6' 



W "^ rfl / 1 1 \ 
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respectively. The first sum in the second of these expressions does not contain the 
variables, and therefore may be supposed taken from the constant B. The other 
terms, added to the first term of the last line of (67), will give for the infinite 

part of V V -- '^ ^^^^ 

o"^^E5^ 

Proceeding to deal in the same way with the stresses, we find that to ensure 
finiteness in the limit we must add : 

6y cv 



rjif). 



(a) to the third and fourth series in P : 



2W Z 3- 



a 4:b' (2n + 1)V^ 



2 in each case ; 
(h) to the third and fourth series in Q : S y;-^ -;;--; ^;; and — 



00 i}. 



2W- 61/ 



a' 



2>^3 



a 4h^2n + iy7r-^ 



a 7 4&-5(2'/i + l)V 
respectively ; the infinite part of P is then 

-^ "~" 4. p U •> 

Q and S having no infinite parts. 

If we leave out of account the parts Uq, Vq? Pq? which belong to a couple Wa/2 and 
which can be destroyed by introducing an equal and opposite couple, we find that, 
when a is made infinite, the displacements and stresses tend to the following limiting 
values : 
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(71). 
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+ an arbitrary constant B' 
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(72). 
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16. Consideration of the Stresses in the Neighhoiirhood of the Point where the 

Concentrated Load is Applied. 



The mtegrals in the expressions (71) and (72) are finite, one- valued and continuous 
at every point {x, y) inside the beam, such that y is numerically less than b by a 
finite quantity. For in this case, for large values of ti, the integrand is comparable 



■with e"^^^^^^^'^ where 



6, 



y I stands for the numerical value of y. If^ however, y 
or the point in question lies on the edges of th.e beam, tlie integrals are no longer 
necessarily convergent. In this case the expressions (71) and (72) have to lie 
transformed. 

Let us start with the stresses P, Q, S, as in their case the transformation is 
somewhat simpler. Further, let us consider instead of P and Q the somewhat more 
compactly expressed quantities 
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P — Q and S give the lines of principal stress and the principal stress-difference, 
P + Q gives the compression at the point considered. 

If in the values (73) and in S we write 7/ = 6 — \J so that we are referring our 
co-ordinates x^ y' to the point CJ (fig. i.) where the concentrated load is applied, as 
origin, we find, on re-arranging the terms, 
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The leading integrals in each case can be evaluated. 

If we write x =: / sin ^^ ij == r' cos (/>'. so that r^ is the distance of the point 
considered from tlie point of application of the concentrated load and ^^ is the angle 
which T^ makes with the vertical, then : 
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The expressions for the stresses therefore consist of two parts, namely, the 
integrated parts 
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(77), 



and the parts still in the form of integrals, which we may call Po, Q^, S^. 
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Pi, Qi5 S| agree with the expressions found by Flamant (' Comptes Rendus/ 
vol. 114, pp. 1465-1468) and confirmed by BoussiisrESQ ('Comptes Rendus/ vol. 114, 
pp. 1510-1516) for the stresses in an infinite solid due to a line of load W per unit 
length, in which case the problem is reduced to two dimensions. They correspond, 
therefore, to the stresses that would be induced in the beam by the concentrated 
load if the height 2h were made infinite. 

The stresses P^, Q.^, S^ are regular functions of x and y throughout the beam. 
They nowhere become discontinuous or infinite, and they tend to zero as 6 is made 
large. They represent the correction that we have to apply to Flamant's and 
Botjssinesq's result as a consequence of the finite height of the beam. 

BoussiNESQ, in the paper quoted above, has made an attempt to obtain such a 
correction, by finding the stresses given by {77) over the lower edge of the beam, 
superimposing an equal and opposite system to annul these, and calculating the 
strains due to this last system as if the top boundary of the beam were removed to 
infinity. This corrective system, as he calls it, will now introduce extra stresses over 
the top of the beam. To get rid of these a corrective system of the second order is 
superimposed, and we may go on indefinitely in this way. The complexity of the 
expressions increases enormously for each system we add, and, on finding the 
approximation so slowly convergent that the terms of the second order were 
practically as important as those of the first, BoussiisrESQ threw up the method in 
despair, and fell back upon an empirical assumption, given by Sir George Stokes in 
a supplement to a paper by CiVBUS Wilson ('Phil. Mag.,' Series V., vol. 32, 
pp. 500-503), namely, that the stress system introduced by the finiteness of the 
height of the beam was such as to annul the stresses due to (^7) at the lower 
boundary, and varied linearly along the vertical, giving zero stress over the upper 
boimdary. The functions P^, Qg, Sg of the present article solve the problem exactly. 

§ 17. Expansion in Integral Poivers about the Point of Discontinuous Loading, 
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y being an integer. Now when these values are substituted in (77) and similar 
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formula3, we may distribute the integral sign among the terms of the series, provided 
that both the original and the resulting series are absolutely and uniformly 
convergent. This is easily seen to hold good for the series (78), and it wil] be shown 
later, in § 18, to be true of the resulting series, providing the points considered lie 
inside a certain circle of convergence. 

Assuming for the moment this result, we obtain from (77) 
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(80). 



§ 18. OonvergeMcy of the Series of the last Section. 

In order to justify the distribution of the integral sign over the separate terms of 
the series (78), we have to show that the series (79) are absolutely and uniformly 
convergent. 

Now the series are absolutely and uniformly convergent provided that the se3ries 
j" is absolutely and uniformly convergent. The convergency ratio of this 
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Now, in order to find the approximate value of H^, when v is large, let us consider 
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Now let a be chosen so large that for all values of v > ct>, where m is numerically 
less than unity, 
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where e is a small, finite, assigned quantity. 
We then find 
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Now, (jt) being > 1, this tends to zero when 7i is large. Further, by making n 
sufficiently large, the second term in (81) is negligible compared with the first. 

We then find that the most important terms in I;^ lie between 
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Hence when 7i is large we may neglect In^i, 1/1-2? &C*? compared with 1^^. 
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where 6, & are proper fractions. If we take e small enough, the convergency ratio 
tends to 



4& 



The series we are dealing with are therefore absolutely and uniformly convergent 
inside a circle whose centre is the point where the concentrated load is applied and 



whose radius is twice the height of the beam. 



The transformation used in the previous section was therefore justifiable for this 
region and the expressions (79) are real arithmetical equivalents of the stresses Pg, Qg, Sg, 
which have to be superimposed upon Flamant and Boussinesq's solutions for an 
infinite solid when we take into account the height of the beam. The values of the 
first few coefiicients, calculated approximately by quadratures^ were found to be as 
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§ 19. Transformed Expressions for the Disijlacenients. 

If we take the expressions (71) for U and V^ we may treat them exactly as we 
treated the expressions for P, Q, S, We then obtain, after some rather lengthy 
reductions, U ^ Ui + U^, V = V^ -f ^2^ where 
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where /?, B^, B^ are arbitrary constants. 

The expressions \Ji, V^ agree with those found by Boussinesq in the paper referred 
to above (' Comptes Eendus/ vol. 114, pp. 1500-1516) for the displacements when h 
is made infinite. We see that U is indeterminate and V infinite at the point where 
the concentrated load acts. 

Of course such infinite and indeterminate displacements could not occur in nature. 
With any real material, if it were possible to approximate to a true knife-edge, the 
infinite stress under the knife-edge would at once either cause the material to break, 
or else—and this is what must almost always occur in " practice— reduce the parts in 
the immediate neighbourhood of the knife-edge to a plastic condition, so that in this 
region the equations of elasticity would no longer apply. 

Hence for practical applications we have to exclude the actual line of application 
of the load, r' = 0, and a very thin cylinder surrounding it. If we do this, then all 
our results will be valid for points whose distance from the knife-edge is at all large 
compared with the i*adius of this thin cylinder. A notable point about the results 
(82) is that Ui is indejjendent of r and depends only upon the angular co-ordinate 
of the point considered with regard to the knife-edge as origin. Hence all points 
lying on a plane through this knife-edge receive the same horizontal displacement 

The parts Uo, Yo, of the displacements are finite, one-valued, and continuous 
throughout the beam and over the edges. They can be, like the stresses Pa, Q.,, S^, 
expanded in series of powers of r\ which are absolutely and uniformly convergent 
within a circle of radius 4&. 

These expansions are easily seen to be the following : 
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where H^^ is an arbitrary constant, and tlie other ll's liave the same nieaiiijig us 
before. 

These equations represent the effect of the finite height of the beam upon tlie 
displacements. If in them we put y ™ 0, (f/ •:=^ ttJ'!^ we have the alteration in the 
displacements over the upper surface due to the finite thickuess. This gives us, 
retaining only the leading terms, 
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giving a dovvnwai'd curvature at tlie poiut of discoirtinuous load equal to 

1'93TW 
a horizontal stretch " — -r- - . The eflect of the finite thickness appears therefore to 



be to stilfen the beam and to decrease its curvature under the load. 



§ 20. Expojnsions about Otiie/r Points, Expansion about the Origin, 

The expressions (71) and (72) are capable of being expanded in many other ways. 
Considering only expansions in powers of the radius vector from a given point, we 
may write in U, V, P, Q, S : ^r = X + p sin 0, y znzY + p cos 0, and we shall 
obtain an expansion which is vahd for all points which are contained between 
y =z ^h, and which lie inside a circle with centre (X, Y) passing through the 
point (0, + b). The coefficients of p" cos n0, p'' sin n0, &c., will be integrals 
containing X, Y. 

The only expansions worth considering are those about the origin and those about 
the point (0, — b), which is vertically beloAv the load. 

The expansions about the origin are deduced immediately from (71) and (72). 
They are 
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where y ■= r cos </>, x =■ r sin ^, 
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Go = a constant to be adjusted from the fixing conditions. The series in (85) and 
(86) are al)sohitely and uniformly convergent inside a circle centre the origin and 
radius h. 



The first few coeflicients 


are given 


by 






Fo- 


: -527 




Gi- 


•918 


Fi = 


- -438 






2-818 


F,= 


= 1-740 




Gto = 


5-750 


F, = 


- 7-224 




0, - 


24-824, 



where the integrals have been obtained approximately by quadratures. 

Retaining in the expressions (85), (86) only the most important terms, we find 

W =« / 1 1 \ 

for the disj)lacements of points on the ,T-axis : U^^^ == — -(— '918 ~^-~- '527 ), 

which is positive with x, 

W /1444 2-108 
We have therefore a horizontal stretch equal to 2^-^^ ( ~ — "~" "~]g~ 

, . W /l-503\ , , 

For uni-constant isotropy^E = 5/x/2, and the stretch is 25E ( """7^" )' ^^ ^^'^^ 

half the stretch due to the load W acting horizontally along the length of the beam, 
so as to produce a tension W/26. 

Similarly V^^o - ^o + '7^ ^ 2"? ( if "*" "/ ' ^^^^^ ^ curvature upwards 

equal to ( — '-' + ^~ ), i^^-, to the curvature that would be produced by a pure 

■*- 27r&^^ \ E yL6 / 

couple ^^ (1753 + - 2-818Y or (putting E = 5/x/2) by a couple W6 X ('5622). 

The stresses at points along the ,T-axis are 

o 2 
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P 



2/ = 



W 



(Fo - G,) 



a? 



1 



&3 2! 



(Fo ~ G3) 



W 

7r5 



•391 



9 

^2-005 



O 



W 



1/444 — v^ 3745 



we have therefore at the origin a liorizoiital tension and v^ertical pressure. These 
vanish when x 1=^ ';^ '1956 and x=^ -^ '3866 respectively^ assnniing that for tliese 
values of x the first two terms are a sufficient approximation, which is certaiidy trne 
for X == '1956, but only roughly true for x :rr %38665 as it amomits to neglecting 
terms of order about y compared with 1'44. Tt will, hoAvever, be sufficient for n 
rough estimate. 

The actual stresses at the origin are :— 



P 



Q 



21) 



(•249)3 or about j of the tension due to W acting along tlie liorizontal, 



W 

26 



(•920), or about i"o"ths of the pressure due to W acting along the 



horizontal. 

If we had used the expressions P^, Qj Avhich hold for an in&iite solid, we should 



find, at the origin, P = 0, Q 



2W 



2j') 



(1-273). 



If we correct the last by Stokes' empirical rule, we have to add — |- [0 + (stress 
at bottom of beam, as given by the formula for an infinite solid)]. 

3W W 

This will give Q= — ^-— z= «- ^ ('955). The error in. the vertical stre.^ 



^"'^ '^"^ 2it1) 21) 

calculated from this amended formula, is therefore only (*035) W/2&, or only about 
3|- per cent. 

With regard to the correction for the horizontal tension, Bousstnesq finds, for a 
span 2l and depth 2&, 



P 



W 

2b 



■4 %' 3 (Ij^J)) ; 



TT 



J- 

ttIj 2lr 



where y is measured from the point (0, h) as before. 

The terms '^if {"if — h) I correspond to the bending moment wliich we have 
removed. 



We have left therefore P 



W 

2?> 






4 ^ ^ 

TT irb 



, SO that, at the origin^ when y' -=■ /;, 



W 1 W 

P — - =: — ('3 18), and this gives a tension which is greater than the actual one 



by only ('069) W/2fe, 
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§21. Expansions about the Point (0, — h). 



It appears of some interest to give the values of the displacements and stresses 
about the point (0, ■— 6), that is, the point of the lower boundary of the beam which 
is vertically under the load. 

The integral expressions (71), (72), (73) transform as follows, if we write 



?y^?/ 



n 



Jh 



U 



1 W//^' r°° [2^/ cosh 2/y •+ sinh 2// . v.r ny 

"- ;^' r \ . V ,7, r", -- sni , cosh -7 

fx Ztto J L sinh'^ 2ft ■— 4?/' h 



// 



'j!;,^'^' 



f 



fi 2iTb 



r.-.jf /•'■« 



// 



~^- <^in -- suih -'7- mi 

smh"^ m — 4?r h b 



\ .-"X) 



Zir \X "{• fjb f^ J J 



2 sinli 2'/i' . 'im , vy 

-T-TV7) r~.^n cosh ' 

siah- 2h, — 4//- u b 



ft 



8 '"._ 



:/?^ 



W 1_^ 
2tt V + /x 



/«C/D 



2 cosh 2?6 -f 7,^ ^ sinh 2 /a . 7(<i^ . , vy 

< r-TTo" T^o »^"^ 7 ^^nh -7- 

[ siiih" 2<f/ — 4?r /; /> 



// 



ff 1 



3. 7.7/ 



dn 



V 



// 



yL6 2lTb 



"^ ^ 2 16 sinli 2y/y 7^:23 , 7^^'^ 

"7-7177, V"'^ ^^^^ r ^^^^^ V" 

J I snih^ 2u — 4:ff/' b b 






4:W 



dh 



fc«wI »TW 



1 W/; 

fl 2'7Tb 



/»CO 



2it cosli 2i6 4- siiili 2?6 7/a^ . , 7/'.?/ ^ V \ 1 

— — 7~;~7T n, — cos 7- smh ', f 7~- k/i^ 

sill It- 2vj — 4?r /y /> ^ bur 



27r \X^ 4- /^ \Jj 







2 cosh 2?,/y + ^6 ^ sinh 2?/. 'i^^ , v/y 
_ , _ 7 cT ^ 7 o COS 7 cosn 
sinli" 2?6 — 4//.^ /> b 



ff 



o 



47A'^' 



o 



oifr 



3 f^-^ 
8vr Ir 



U'r 



d 



II 



+:^f ,' - 

27r \X' -i- fl/ J Q 



2 sinli 276 7i.>J . , 767/ 

- cos ~r smh ' 



// 



9 



sinh^ 226 — 4?62 



b 



b 



^.v} b 



> du 



p + Q = 



2W 


'.oo 




•< 


irb , 






2'ib sinli 27/y 
siiih^ 2?6 -™ 4?6-^ 



cos 



760; 

1 



767/ 



// 



o 



4/6^ 



dii 



2W 



• oc 



266 cosh 2/6 4- sinh 2/6 im . , vy 

^ . . .—7 7 o~ T"^ — ^^^ 7 ^^"^h 

7rb J I smh"' 276 — 466'^ b b 



// 



7. ^^ dn 

4/6- /) I 



p 



Q 



^X" 



2W 

7r?7 J 



2/6 sinli 2/6 ^ 'im , 7-67/'^ 

__ ^.^^^ COS -^ oosn 

snih" 276 — 476^ b 






2\Y7/': r°° [276^ cosh 276 -f 76 sillh 2 66 



it¥ 







4/6^ 



cZw 



sinli^ 2u -— 4:11? 



cos 7" cosh 



767/ 



// 



3 

(:763 



r 



?/t 



2W7y 



// /»C0 



ttZ/^ J sinh^ 276 — 476 



266^ sillh 276 IIX . T '?67/ 



// 



cos ~r sinh ' 'f dn . 

6 
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W 



*00 



.ff 



2u sinli 2-u . tix , ^ uy' j 
sinir 2ii — 4:U^ h b 



i^j^ 






CO 



y/ 



-T-T-TT, T~l) Bin -~r- cosh - ', clll 

siiih'^ 2-26 — 4'?r /> 






'r J n 



.// 



2?,/ cosli 2'?6 + sinh 2?// . '?^^3 . , vif ^ 
sinh'^ 2?^ — 4?/'-^ /) h 



These integrals remain convergent when we pnt }f^ = 0, hut they are not convergent 
in their present form for 'if = 26. 

If we expand now in powers of v" ^ where x = r^' sin i\>^ ^ if = r'^ cos (^^', we obtain 
the following series, which can easily be shown to be iniiformly and absolutely 
convergent inside a circle of radius 26 : 



Y 



1 2W/' ^ 

fji nrh 1 



/ 1 \v A'^^V' ^^^'^'^ '^¥' XT/ 



2W/ 1 N, 



TT 



/ ^- \ V / 1 V Ky '^"^ ^^" T-T/ J„ 2W 1 ; /ry-^^ sin 2r+ 1^^' 

\X'-f/i'/ 1 \^V ^' TT fl Q \l)J (2/^+1)1 



1 2^Yy'' ^, ^ ^ ^,^ /r''\'^ cos v<j)'' 
JUL Trh 



00 / n-)' ^ \i 



XT' 



2^1 



r+1 



TT X 4- /t 



?'/' 



Z^ : 



2W 1 - /r^Y" cos 214"' , 

Tf fl \ h / Up) : 



"> 



> 



87). 



T 



3 



Q 



s 



where 



00 






/,-/^\ p 



COB 7/^ 



^/ 



/) 



V i 



IT I) a 



4W " /T^'V" cos 2z/^ 



'/ 



/) 



C^v)\ 



H',,. 



7r/r \'K' ^ ■ 



:r OC' 



TTO \ f > 



./^2,/-[-l 



4\¥ ; //^Y' sin 2z.(/>^^ , 






sin 27vicl>" jj, , 4W//" ; . . v, /^/^Y '^^'^ ^^" TT/ 

""(27+ 1)! ■'^^^-^^ +^1^rM-i} ^-j ^"^-"-^r- H .1.2 



/ ^ (88). 



y 



TFj^ = an arbitrary constant depending upon the fixing conditions. 




to 



sinh 2u 



o 



sinh^ 2v. — 4?//^ 



16/^3 



f??f 



'»X 



■|?/2 cosh 2?,^ + |-?i. sinh 2iy 






IQii" 



du 
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"'"^ Jo smh^2u-4u' ^ ^ 



'^ t . '>.! 



Jo sinli3 2tt - 4?Y,2 ^ ^ 

Tlie values of the first few odd H"s ure all we shall require. 'l-'l>t;,y ^ire 
E\ = _ -049, H's = + -537, H'g = + 1-951. 

We then find, for points along the bottom edge, y" = 0, (j)" = tt/2, 

Q = 0, S = 

8W / a- 1 .r:^- 1 \ 



lliis gives therefore a horizontal pressure at the point (0, — b) equal to — ('250), 

and this pressure increases at a fairly rapid rate as we move away from the axis of y. 
The stress P, obtained from Boussinesq's calculation on Stokes' hypothesis, 

W / 4 6 \ W 

i>"ives for tlie same point P := -r - — - ) = •— ;,, ('657). This value is con- 

^ 2b \1T TT J 2o ^ ^ 

siderably too high. We gather that Stokes' hypothesis ceases to give valid results 
for the points in the lower half of the beam. 



§ 22. Effect of Distribitting the Concentrated Load over a small Area instead 

of a Line, 



In all the above work we have, supposed the load W concentrated upon a line 
perpendicular to the plane of the strain. This has led us to expressions which malve 
the stresses, and one displacement, infinite at the line where the load is applied, 
and the other displacement indeterminate. In practice, however, owing to the 
elasticity and plasticity of the materials both of tlie beam and of the knife-edge, 
contact along a geometrical line is impossible, and the load always distributes itself 
over an area, small but finite. 

In the present section we shall therefore consider the etiect of a uniform distribu- 
tion of load W per unit area (W was formerly load per unit length), extending on 
either side of c^ = 0, ^ = 6 for a distance a. 

Every line element y^d^ of this load at distance f from the middle will produce 
a system of stresses and displacements P<i£, Qc?^, Sr/f , Uc/^, V(if , sucli as.^ we have 
just been investigating, except that for x we must write (x — ^). 

The stresses and displacements due to the total load are therefore P (cc — ^) d^, 
'^"Q {^ - ^) d$, r S (^ - f ) di, r U (a: - f ) d^, ' I " " V {x- f ) d^, P (a; - ^) 
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(leiiotiiJg that x ~ ^ is substituted for x in P. Similarly for Q, &c. ; oi- wiitiug 



X — f = tc', we have 

P 



rx + a' 

I I 

^' x—a' 



P (x') dx' 



\i: 4- a 



U' :^ U (;i:') dx 



fj J- — (// 



Q' = 



'x + cJ 



Q (a;') dx 



\ 



77 



V (x) dx 



^ =';--(:(,' 



»' _,;— (/,' 



r.'^' + ft' 



rif 



fS' = 



S (ii;') dx^ 



•' A' — ft' 



1^^ Q', S\ U\ V^ referring to the stresses and displacements due to the luiifonn 
layer. 

We can obtain in this way, at once, as many different forms for P', Q', S^, U', V^ 
as we liad for P, Q, S, U, V. The series for the latter integrate at once, for they 
are composed of terms of the form const. X t'^' cos n(j) or r'^ sin mp^ or yr^^ cos rifjj or 
yr^^ sin ncjy^ where 7' = ^x^ + 2/^? "tan (j) = x/y. We have then 

1 



r^' sin n(j) dx 



r'^^ cos n^ dx = 



,;?l + 1 



n + 1 



COS 71 + 1 <^A 



?i 



Tlie only case where tliis fails is when n 



r'^'^'^ sm n-^ 1 (/>. 



1 , and in this case it is easy to sh(^>vv 



tliat 1 " ' ^ dx = (j) 



sni 6 -J . 

ax = loo: '^'• 



Teims of the form ^ and log 7' also occur. I'hey can be integrated as follows :— 

\cj) dx = xxj) — y log 7\ 
log r cfe = X log /• — ;>c + y4^' 

If we apply these fornudtJB, and if we call l)j and Do (hg. ii.) the points (— a\ + />) 
and (+ ^^ + '^)5 ^'•<^-? the extremities of the layer of stress, and if r^, r^ denote the 





D, 


^H 


i>£ 










> 

< ^ 


c 




^r 








■^ 








, ,1 



Ug. 11. 



distances of any point from D^, I)^ respectively, and if ^|, <p^ be the angles which 
7'^, To make with the vertical, we find, if we start wi'tb the expressions for U, V, R, Q, S 
in the forni (77), (79), (82), (84), 
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U'= 



Y' 



1 W ,, r, W 1 

^ ^ v., 27r V + ytt 



//. 27r 



[(a' + a;) <j&, — (x — a') <^, — ij log (r,/r,)} 



^ 



2W;/ I / _ ^ y TT ?-r'cos V + i 0i_^^J_*' cosj^+ 1 <^, 

2W& / 1 j_ _1\ :; TT n""" " COS 2'r+ ^2 ^1 - r^f +- cos 2i>T2 ^2 

TT \X + yti A'/ t* (2>' + 2)! 



2W& 



1_ 5 XT ^1""" COS 2v + 1 ^1 -J-l"""' c_os^M- 1 ^2 

TT A + />«' 1 (ZZ^ + 1) I 






1\ 



27r \X' + yu. yu. , 

- {x - a') log (^'^j + 2/' (<^, - 4>,) 



+ "" ) i («' + *') log 



r, 



ft/S 



r 



(89). 



_L ■>R ,/ '^!'' N- / 1 \. TT '•'"'' «in »' + 1 <^i - ^'^^ sin v + 1 f 



2W/> / 1 



1 



CO 



•ivVl ,.■ 






n" +' sin 2./ + 1 <^i — rr sin 2i^ + 1 ^2' 



J2.+1 (2i; + 1) ! 

2W& 1 - ;■;-+' sin 2v + 2 ^1 - 5|-+' sin fiT+^iJ <^2 tt 



+ '-'-^.7 7 ^ 

TT A, + />t 



r^-'" (2v + 2) ! 

W W 

(<^i — </>2) + 2^ (sin 2</>i — sin 2(/)2) 



-\ 



TT 

4W 

TT 



" TT ^'i""'' Bin 2W i (f 1 - 71"+' sin 2v + 1 <^2 

^ -'^21' j2v+r 



(2v + 1) ! 



4W 



00 



,1^+1 



i^ + l 



TT 



7^1 sill z; + 1 (jfci — 7^2 sin z; + 1 (jb 



4W7/' 



00 



+ ,rf?(-l)^H.,, 



^^"'^(z; + 1)! 
(ri"*"^ sin z^ 4- 1 ^1 — '^'2^^ sin z^ + 1 (f)^) 



¥'-'(v-]- 1)1 



Q' 



w w 

{<f>i — ^2) — o_ (^1" ^^1 — ^iii 2</>2) 



TT 



27r 



s 



j/ 



, 4W - 'rr+' sin 2v + 2 ^i - rr+' sin 2i/ + 2 (^, 

■^ " TT r '•'+ ' ' f-"-' (2i7+ 2) ! "'" ^ 

w 



27r 



(cos 2(^1 — cos 2^2) 



,21/ +1 



4W " rf-^' co s 2v + 1 0i - r^^*^ cos 21/ + 1 <^2 



TT 1 



r^-'^(2z;+ 1)1 






7r& 1 



¥-''(v + 1)1 



J 
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The expressions (89) and (90) show us that in this case the stresses and the 
displacements are obtained as the difference of two functions taken with the 
extremities of the layer as origins. The series are everywhere uniformly and 
absolutely convergent inside the common part of two circles of radius 46 described 
about each of these extremities as centre. It follows that if these series are to be 
valid anywhere, the length of the layer must not exceed 86. And if they are to be 
valid round each extremity the length of the layer must be less than 46. If these 
conditions be not fulfilled, then we have to fall back on the results (74), (75), (76), 
and (83) for P, Q, S, U, V. Integrating these we obtain formulae valid over the 
whole beam, and these again may be expanded in powers about any point we please, 
as has been previously shown. The results are rather long and do not seem to 
present sufficient interest to justify the writing out of them at length. 

Assuming 'lal < 46, so that the expressions (89) and (90) are valid over a region 
enclosing the layer of application of the load, we see that here no displacement is 
either infinite or discontinuous. For in the limit, both {a! + '^) log t^ and y' log Vy 
are zero when x-=- — a! , y^ = ; and in like manner {x — a') log r^ and y^ log r^ are 
zero when ^r =: + a\ y^ = 0. 



V 



w 



A\ 



Plane of I siftnTnetr^j y^o. 



Ci 



B 



W 



Fig. iii. 
The sliear S^ is continuous. 

The stresses P^, Q' however are discontinuous at the extremities of the layer. This 

indeed is obvious in the case of Q', since it is one of the data of the problem. But it 

is curious to note that P^ is discontinuous at those points by precisely the same 

amount as Q^ 

§ 23. Case of a Beam under Tivo Equal and Opposite Loads, or Resting up>on a Rigid 

Smooth Plane. 

If we take the solution we have obtained, turn it upside down, as it were, and 
superpose it to itself, we obtain the solution of the problem of an infinitely long beam 
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gripped between two knife-edges exactly opposite each other (fig. iii.). The solution 
is obtained from the previous one by changing the signs of y^ V and S, and then 
adding the new U, T, P^ Q, S to the old. 

I do not propose to write down fully the solution ; it is easily obtained in various 
forms by using the several expansions which have already been given for the beam 
under a single concentrated load only. The parts of the stresses and displacements 
which become infinite at the points of loading are of exactly the same form as in the 
previous case. 

Let uSj however^ consider the stresses. We easily find the following expressions: 



p 



2W p sinh te^ — tt cosh- -^/y im , tmj j^ \ 

"' ~"' I -— — -~..^. -^ .-...-. _ cos "., cosn """.."'■ Cviv ii 

'irb Jo smh Zti^ + 2tt o o 



2W 



1*00 



m/ 



smli u urn . , %iy ^ 

1 7 •"""T'T. ;.'"" COS ;- Sinn -f-cm, 

wo Jq smh 2% + 2u b h 



O 



2W 
irb 



/»00 



uy 



- ---T- -ri7^~~7r" ~ cos 7 cosh ; cm 

Sinn 2u + lib b o 



\ 



2~Wy [ 

+ 7 



%b sinh %b 



uy 



(91). 



irb^ J Slim 2t6 + 2t^ b b 



s 



2W p ti cosh u . tm « , t(.y ^ 
iro Jo smn 2'^^ + 2%b b b 



1^1 

itW , sinh 2u + 2'?.6 



^^ sinh 'i^ . 'im . 'iif/ , 
sm : cosn ~ du. 



h 



b 



/ 



The last written equation shows that S = over the plane y = 0. Further, from 
considerations of symmetry V = over this plane. Hence we may, if we choose, 
leave the lower part of the beam out of account altogether, and consider it as 
replaced by an infinite smooth rigid plane, against which the beam is pressed by a 
single weight, W. It then becomes of considerable interest to find out how this 
weight W distributes itself, after transmission through the beam, over this rigid 
plane. 

The pressure — Q on the plane corresponding to ^ = is given by 



^ 2^^ f"^ sinh u + 'ic cosh ti %m , 

— y == + ^f ' .'■'^'~ r^^ — COS -7- cm, , 

TTt? j smh 2ii + 2u b 

It is easy to show that this pressure tends to zero when x is large. 
Integrating by parts with regard to u, we have 



I «y ^ /. 



Q 



2W 



/«Q0 



wm J 



cl /sinh u + u cosh u . . uq) , 
ml \ smh 2u + 2t6 / b 



The integral on the right-hand side is obviously not infinite, however large x may 
be. Hence Q tends to zero as x tends to infinity. 

p 2 
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We might repeat this process any finite number of times. It will be found that 

SI Till If -I— 'Z/ COSll 11' 

-- :-— ^ — r — - being an even function of u, the integrated terms will in all cases 

2'Wb'^ 
vanish at both limits, and we obtain Q = -^^ - x an inteCTal which is not infinite when 

X is large. Therefore we see that Q diminishes faster than any finite inverse power 
of x^ however high. This seems to suggest an exponential law. 



S 24. New Form of Expansion for the Pressure on the Riqid Plane. 



Consider the integral 



We have 



suih % + Vj cosli %i 7 

.-- z^ ^ cos %i7. mi, 
siiih 2u "f Au 



1_ „._, _ _A 2;^„ „i f (_ 1)^^ ( ^^ 0' , 

sinh 2it + 2'U sinli 2-u sinh^ 2u ' ' * * ' \ / sinli*"^^ 2e^ 

A l^\ V-^ ^"^'^ + ( »^0 V^ ^^^.-^-^M"^--^ 

"^ ^ ^ sinh'^ 2^11 "^ ^ '^ sinh- 2u (sinh 2u + 270 ' 

Substitute in I^ we find 

I = Jq 4- Ji + • • • 4" Jr + • • " 4" J;?-i 4" 1^/^? 



where 



N 



ow 



J.. = (— 1)^' v__-^ (sinh t6 + te cosh it) cos t/;^ c^w., 
-T^ , , V f^ (211)'' (sinh 7// + -26 cosh v^ , 

II == ( — I y^ —- — ■■ — -~ — — - — - cos uz clu. 

^^ ^ Jo sinh'' 2u sinh 2ii, -f 2u 

r I . \ ^9 .^1 r"^ "^^ (sinh %i 4- ^^' cosh ^0 . 

J,. = (- 1)^' 2"'-^' 4"4:Tr77 47771 COS U^ dlL 



Let us assume that in this we may expand (1 — e *'')'*'^^ in ascending powers of 
e""^". This will be justified later. 

1 _ ^;- is + 1) . . . (g + t) ■ 



whence 



J^, =: (_ l)r 22'^- [^l/t (i-ti)^_lii+Jl) fe-(^-^-^2.+ l). _ ^-(4.+2.+8)«| ^^^ ^^^ ^^ 



s=0 ^^ ^ 






5 = 



The cases r even and r odd have to be treated separately. Consider first r even 
and = 2t, and let K,. and L,. denote the first and second integrals in the last written 
expression for J,.. Then owing to the vanishing factor we may take the % in K,. as 
going back to 6* == — ^, or, putting 6*^ = ^ + ^? 
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.00 



S' = QO 



K,, = 2 



-It 



Jo s'=0 



U - ^^ + 1) . . . OS-' - l),s' . . . {^' -Vt) , _ 

> - ^^ • } p 

(20 ! ^ 



(4«'+l)v, 



— e (^•''+^)^*] cos 'U7. du. 



But 



4s'' - 4^ + 4 = (4./ + 1) — {U - 3) 



and similarly 



• • ♦ • 

is' — 4 


- (4s' + 1) - 5 


• 


46-' 


- (4s' + 1) - 1 




4s' + 4 


(4«'+l) + 3 




4s' + U 


(4s' + 1) + (4^ - 


■1) 


4s' — U + 


4 = (4s' + 3) - [At - 


•1) 


a • • • 

4s' — 4 . 


= (4s' + 3) - 7 




4s' 


= (4s' + 3) - 3 




4s' + 4 

• • • • 


= (4s' + 3) + 1 

• •••••• 1 


t • 



4/ + 4^ = (4^^ + 3) + (4^ — 3). 

Now let ^0, ^1, . . . a2t be the coefficients in the product of degree 2t 

[x + {At - 1)} {x + (4^ -. 5)} . . . [x — (4^ -- 3)}, 
when it is expanded out, so that this product is 



n^ 



Fhen 



5 /y. 



{it ~ 1)} {x - {U - 5)} . . .{x + (4^ - 3)} 



,2i-l 



• ClQ.Ay ~~" Cv\X ""I"" . , . ""J" Ctoi* 



Ko^ may then be written 



U 



(20 ! 



k' = <X) 



S (^0 {(V + If e 



■4.s'+h6 



s' = 

S'~0Q 



(4s' -1- 3f e-*''+««} 



+ ^ a, {(4s' + If -^ e-*''+^" + (4s' + 3f "' g-^^'+S"} 



s=0 

S'=QO 



+ S (u {(4s' + 1)-'-- e-^-''+^" - (4s' + 3) 



9/_9 



•S'r^O 



,--4.s-'4-Sin 



+ 



s'=oo 



+ S a2,_, {(4s' + 1) e-'^'+'" + (4s' + 3) e-*''''*"] 



.S'=:0 



Si' =00 



+ S 02, {e-'''+'« _ e-^''+^*"} 



s'=0 



COS ?/:e du. 
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Now if, as we have assumed, our expansion of (1 — - ^-4^*)-~^'-i i^as justifiable, we may 
stop at the v^^^ term, leaving a remainder less than an assigned quantity, provided p 
be taken laro:e enouerh. It will be shown in the next article that this is the case. 

We may then, in the above, write for the upper limit of s^ a number v, large but 
finite. The series now consisting of a finite number of terms, we may distribute the 

(pi 

integral sign, and further, we can replace u^^ by (-- l)*-r- , since obviously each of the 



dz^f ' 



•00 



integrals of the type e"^'"' cos uz du when ^ > allows of being differentiated uinder 
the integral sign. This gives us, when the several integrals are evaluated, 






•2t 



"(201 dz^^ 



s'=v 



€vA ^ 



(4S'' + 1)3^ 



+ 1 



(4g' 4 3)3^ 



+1 



^0 



Zq [(4/ + If + ^ (4/ 4- 3)3 4- ^3 



s'=v 



+ ^1 s ^ 

S'z=0 



(4/ + 1)3^ 



-l- 



(4s' 4. 3)3^ 



(4^^ 4_ 1)3 + ^ » (4/ 4- 3)3 4. ^3 



• . 



* • 



• • • • 



"Y" (Xfi 



s'=v 



(4:s'+lf (4/ +3) 



Q 1 



+ €(/2t 2 



^^"^ ,/=o l(4s' + 1)^ + ^ ' (45 + 3)3 + z^ 
(4s' + 1) (4/+ 3) 



s'=v 



Zo U4s' + 1)^ + z^ (4/ + 3)H z\ 



Now writing in the above 



(4s' + 1)^ = {(4/ + 1)^ +z^ - #, (4/ + 3)^ = {(4/ + 3)^ + #} -z^, 
and remembering that (P^/dz^^ destroys any power of ^ < 2t, we find 



TZ 

r^2« — 



"(201 dz^^ 



(^^^^iy^tj^^^^_^y~-i^t^2^ ^ ^ ^ 



s'~v 



4:S + 1 






+ *2') ,5o i(4s' + 1)2 + Z^ (4/ + 3)3 + s3 

^ (cii {- \y z'' + a, {- ly-' z^'-^ + . . . 

1 



j,'=„ 



■ '-'^') I i(47T iy+ 5 + (4/ + ,f + .= 



But, from Chrystal's ' Algebra,' vol. 2, p. 338, 



, J tann ^ 



S' = oo 



s'=0 






(4/ 4- 1)^ + z^ (4:s' + 3)3 + # 



— sech - - 



s =00 



S'=:0 



^o "f~ X 



*dbt> ~f" O 



^4/ + 1)^ 4" «^ (4.*^' + 3)2 + # 



If, therefore, in our expression for Kg^ we now allow v to increase indefinitely, w^e 
obtain 



K 



2^ 



TT i — y 

"4 (2^ ! 



d 



2t 



dz^^ 



TT^' 



xji2t (^) Bech -^ + X2^ (^) tei^h - 



7r0 



2 



r ? 
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where 



2 



{y^~ Iz + U — 1) (v/- 1^ + 4^ - 5) . . . (y/— Iz - 4^—3) 



+ {— \/— 1^ + 4^ — 1)(— ^—12; + 4^— 5) . . , ( ' y^—- 12^ — 4^ — 3) 



)(2t\^) — Ct^i^"^ 1) Z" + • . . Ctot-^iZ 



y/- l 
2 ~' 



(y— lz+ U— 1) (^— lz + 4:t — 5)... {^/— Iz — U- 3) j 



(— ■>/ —\z-\-U—l) { — ^^ — lz-\-U—b) . . . (— v/— lz — U + 8) i 



If we treat in a precisely similar way the second integral L.^, we find 

L2* = -J- ^2^y , j^^, ( t/'2< (2) tanh — - Xtt {^) sech 



« 






Coming now to the case where r = odd = 2^ + 1? we work out Ks^+i and L^^^+i by a 
similar method. We consider in this case the product of degree 2i + 1, 

(03+ U — 1)(^+ 4^ — 5) . , . (a; — it^z){x--' 4e-f 1), 



which we denote by 






After reductions of the same type as those used for 1L^^, we find 



J\.2e+i — 



(-. \J fP+1 



(2^ + 1) ! 6l^'^*+i 



(&0 (- 1)*^'*-^' + &2(- 1^^^'^-^ + . • . ' 

4/ + 1 4s' Hh 3 

(4/ 4- 1)^ + # "~ (4s' +"3)2 T^^^^ 



.S' =: 1^ 









S'S=V 



+ %e+i^) S 



s'=0 



i(4/ + 1)2 + # "^ (4? + 3)3 + 03^ 



L 



2«+l 



(~ 1)^ #^+^^ 

(2^ Vl) 1 cfe'*-^' 



{5o(- 1)^+^^'^^+'^+ . . . 



whence writing 



&'z=iv f 1 1 

^* S^o 1(4/ + VfV'^ "*" (4s' + 3)2 + # 



+ (6, (- ly 2^^ + . . . 



s'=i^ 






4/+ 3 



(4/ + 3)3 + # 
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h, (- ly rr'+' + h, (- 1)'-' z'^-' + . . . + zb,, 



1 



(v/— lz + At— 1) (^ — iz + 4« — 5) . . . 

(\/"^^z — 4T^3)(v/'~^'lz - 4? + l) 
_|. (y Z-lg _ 4^^i) (-/"— ^iz _ 4'^ — 5) . . , 

{V~- I2 + 4< -3) (\/' -Tz + 4« + 1) 



V^+i (•^) 






1 

2 



Iz 4- 4i - 1) (\/ - Iz 4- 4(5 - 5) . . . 

(y - Iz - 4^^3) (v/ - Iz - it+l) 



{\/"- iz - U—l) (x/ — Iz 






= Xa+i (2)' 



(v/ — Iz + 4^ — 3) (v/ — I'i + 4^ + 1) 



we obtain 



-l^2« + l 



(- ly TT f?^'+' 



(2);+ 1)! 4 (fe2*+' 



i//2(+i (2) sech ., +x.i<+i(2)t^iih 



TTS 



(-1)' 



TT 



^2^+2 



T ^ 



i/»2,+i (z) tanh -"- + x2(+i (2) sech -~ 



and since J^ = K,. + L,., we find that the required integral 



TT «^" (-1/ t^'^' 

~ T ,ro (20! f?^-' 



-A 



xfjot (z) sech Y + X2t (^) tanh y 

+ ^ (i//2, (2) tanh "^ — x^t (^^) sech 



"~\ 



& 






}^ 



V 



y 



(-ly _t^^^+i 



7J. «=n 



irz 



^2t+i {^) sech - + x^t+i (^) tanh 



tt;^ 



-^ 



/ / i JUrMj*' 

^ ( ^2^41 (^) tanh ^ -" x2^^-l (^) sech 



7r,i; 



2 



v 



-4- T^ 



@ a 



e e fl « 9 



> 



J 



(93). 



§ 25. J ustijication of the Procedure employed in the last Sections 
We have to show that, in the case of the integral 



,'•00 



^u — 






(sinh u + '^^ cosh it) cos uz du 



= 2 



0(1 — e-'^'^y-^'^ 



(sinh ti ■-{- u cosh 'w) cos itz du 



we were justified in expanding (1 -— e ^'') " ^ in ascen(hng powers of e"^''\ 
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Now 

_____^ —14-0;+... + «;"+'-' + .,--- . 



Differentiate n times with regard to x, 
The remainder is therefore 

■ (71 -f r)(7i -f r — 1) . . . (7Z + r — s 4- 1) ^^ (7?^+ r) .^ . (r + 1) 

This holds for all values of x however near to 1. Putting x rrr e"""^" and substi- 
tuting in 3n, we find J^, = 1st r terms of the series + a remainder term consisting 
of the sum of (/? + 1) integrals of the form 






r»QO 



2 



(n -\'T)(n-{-r — l)... (n + r — 5 -f- 1) .... . , ^n (4?/.)'* (smli u + 7.6 cosli ^6) , 

^ '^-^^^ L V_Ji: .„_l__^ ^~(6?^ + 4-r"'b + 3)« V„_Z..^ VV^tT ""'"" COS IIZ dlL 



n ^ , T ^1 1 ^ (^^ + ^0 C^'-' + ^z" — 1) . . . (^^ 4- r — s + 1) . . 
e§ rangnig Irom to ??, and the product ^— — ^^~ -~ — ^ ~~ being 

replaced by unity for .§:::= 0, 

Now sinh u is always < u cosh it : hence the general integral in the remainder 
(the factor multiplying cos iiz in the integrand being positive throughout) is less 
than 



'00 







{n 4- t) (n + r — 1) . . . {n H- r — s + 1) , , , ., ., , . ... , , / 4?,^ Y^ + 1-^ 



i,e,^ than 



Om- r)(7^ 4- r- 1). . ,(?i + r-^s H- 1) n a-. Q^ /. \ i / 2'^^ V + i-^ 



2'U 
Now -; --^~ < 1 always, and cosh u < e'\ The general remainder term is therefore 

less than 



>oo 



0M,^,+ r - 1). . > + r~,s + l) ^4^^^,^_,„,,,„,,_i)„^,^ 



Si 



. I (n + r) (n + r -- 1), . ,(n + r - s -{- 1) ^ . . , , 

< t " — y ^; -— — ---j^ tor 6' rangnig irom 1 to n. 

n + r _ I - i J ■ 



For 6' = the remainder term < 4- r . Thus for every value of s the 

2 



^Z' + r — k- — I 
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value of the corresponding term in the remainder is seen to become very small of the 
order 1/r when r is made very large, t^ remaining finite. The value of the whole 
remainder is therefore also small of the order 1/r. Consequently this remainder 
tends to zero as we make r large ^ and the series is therefore a true arithmetical 
equivalent of J.^. 

We have still to show that a similar result holds for the expansion found for I, 
namely, that the integral we have called R,, tends to the limit zero when n is 
indefinitely increasedo This we can do as follows :— 

"* (2uY sinli to + 10 cosh u 



R, =:. (-^^ ly 

is numerically less than 



sinli" 2u mill 2u + 2it 



cos uz du 



p {2v)^^ sinh ib + u cosh u ^ 
J n sinh'' 2u sinh 2u + 2u 



u, 



and it is easy to show that both (2t^)7sinh'' 2t«^ and (sinh u + '^^ cosh '^)/(sinh 2u + ^u) 
continually decrease as u increases. 

Hence, if we split up into + j , the first part is less than [cj X value of the 

Jo Jo ^ w 

integrand when u = 0], ^.e., < co/2. The second part is also less than 

(2&))'* f^ siiih u + 71 cosh u 



(sinh'' 2a)) J^ sinh 2u + 2to 



diL 



CO . {2coy 



Denoting; the last integral, which, is finite, by M, we have R^, < -+ 7'T-Y~-^~r M 

" A (sinli Jico) 

numerically. 



But 



(2c^y {2coy _ 1 



sinh" 2ft) " /„ , 8ft)3\« " /, , 2w2\» , , 2n(o 



0, 



Therefore R,, < ^ + TjT^g 

] __^ — 



o 



1 M 

Now if CO be chosen equal to fr% R,, < ^" ^ + .-7-2 71 > ^^ quantity which tends to 

zero when n tends to infinity. R.^ itself therefore tends to zero for all values of z, so 
that the series (93) may be extended to infinity. 

§ 26. Deductions as to the Rapidity ivith ivhich the Local Distii7'hances die out as ive 

leave the neighbourhood of the Load. 

If we look at (93) and perform the difi^erentiations, then, remembering that X2^^ (^) 
is of degree (2^ — 1) in z, X2-^ + i (^) ^^d i//2^ {z) are of degree 2^ in z, and %lf2t + i{^) is of 
degree {2t +1) 11^ ^> the only terms occurring in I will be of the form (algebraic 



irz -, r. rrz 



polynomial in z) X (sech-^ or sech^y, or their dififerential coefficients j . Now 
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itz 



sech ^ and all its differential coefficients will be of order e 2 when z is large. 

Similarly sech^ -^ and its differential coefficients vf ill be of order e"""^ when z is large. 
We see, therefore, that the first n terms of the series for I will he of the form 

(algebraic polynomial of degree n in z) e"~ 2 to the first approximation when z is large. 

Further we have obtained an expression for the remainder R^, which is small 
independently of z^ for any given large value of n. We see therefore that, n being 
assigned, we may make z as large as we please and I will eventually tend to zero, 
e''"^^ becoming large more rapidly than any polynomial of finite degree, if z be large 
enough. 

Now z = xjb. We see therefore that, if h be small, the pressure, after a certain 
value of x^ decreases with extreme rapidity as we get away from the neighbourhood 
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Fig. iv. 

of the concentrated load, because, z being then large, even for moderate values of x 
the influence of the exponential term will be predominant. On the other hand, if & 
becomes finite, or even large, the algebraic polynomial factor will become predominant, 
and the decrease as we go away from the point of loading will become much less 
rapid. The expansion (93) gives us a link, as it were, between the case of a very 
thin beam, where the local effects die out according to a negative exponential of the 
distance along the axis, and that of an infinite solid, where they decrease as an 
inverse power of the distance from the point of loading. 

A diagram is given in fig. iv. showing the variation of the pressure Q along the 

Q 2 
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base of the elastic block where it rests on the rigid plane. The ordinates represent 
the ratio of Q to ^W/ttI) — that is, the integral which has been called I. The abscissa3 
represent the quantities x/h. The diagram has been plotted from the following values 
of I, w^hich have been calculated :— 





xjh^ 


L 


.^■-■■- 





1-4444 


7r/6 


^7412 


TTJB 


ai25 




7r/2 


•- -0300 
^^ -0252 
- '0036 




27r/3 


TT 



For a value of xjh equal to 1°35 about the pressure vanishes, and is replaced by a 
tension. This is a very remarkable result, as it shows that an elastic block, acted 
upon by a concentrated load along a line of its upper surface transverse to its length, 
cannot have its whole base in contact with a smooth rigid plane on which it rests : at 
a certain distance from the load the body of the beam is lifted off the plane. 

It would therefore appear as though the problem treated of above were impossible 
to realise in practice. But obviously we may superimpose any uniform pressure on 
the top of the beam, sufficient to make the total pressure at every point below 
positive. This may be done, in some cases, by the weight of the beam itself^ 
if the weight W be not too large. 

Further, the tensions required to keep the lower surface of the block horizontal 
are, as w^e mxay see from fig. iv,, very small. If we leave them out of account, 
we do not sensibly disturb the distribution of the large pressure under the loadj so 
that fig. iv. still gives us an ajDproximation if we omit the negative part of the curve 
altogether 

This gives a maximum j)ressure just below the load equal to (W/6) X '920^ 
or rather less than the pressure due to the load W distributed tmiformly over the 
vertical cross-section of the block. This pressure diminishes rapidly as we go away 
from this point, being very small at a distance from it equal to about 1'35 of the 
height of the block. 

We cannot tell exactly^ in the actual case, where the pressure will be first 
absolutely nil We can form a rough estimate, however, of the dimensions of the 
area in contact by taking the area over which, in the solution obtained^ the stress is 
always a pressure. This area extends to a distance of 1'35 X height of block, on 
either side of the vertical through the load. 
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Some rough experiments on a block of india-rubber lying on a wooden table have 
confirmed the result that the block is lifted out of contact with the table away from 
the load, and that the area of contact is of the above order. 



PART 111. 

Solution for a Beam Under Asymmetrical Normal Forces: Special Case 
OF Two Opposite Concentrated Loads not in the same Vertical 
Straight Line. 

§ 27, Expressions for the Displacements and Stresses in Series. 

Let us now proceed to consider what the general solution becomes in the case of a 
beam subiect to normal forces which are now no lonp^er restricted to be symmetrical. 
In this case coefficients y and S come in, as well as ce, ^ ; /c, p, ^, being all zero. 
Consider particularly a beam (fig. v.) subject to a downwards concentrated 
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^1^ — * — 



^3 



Cy* 
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f» 
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m 



^Cb 



/*/ 



Wt 
a 



W 



hig. V, 



load W, acting upon its upper surface at x :=: I, and an upwards concentrated 
load W, acting upon its lower surface at ir = — Z. 

Such a system by itself is not in equilibrium. But the solution will introduce 

two shears over the ends, equal to t {yn — 8^) "-' — — by equation (50). 



In the case taken above olq =s ^, 







W/2a'3 a,;^ 



Pn 



w 



a 



cosm/jy^^ — 8, 



W . 



a 



sin ml, where m = n'?r/a, n being an integer* * Hence the shears over the 



oo 



2W %m-I W/ 

ends are S (— 1)""^ ein — =s — . and these will satisfy the conditions of riff id 



a 



equilibrium. 

We then find the following expressions for the stresses and displacements in series : 
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U=z 



^ 1 W J 

S — — COS ml 

I 7ih a 



1 . 1 

sinh mh mh cosh mh 



X -{• fjb 



/^ 



sinh 27)ib + 2m& 



— cosh my sin -mo? 



^ 1 W cos ml sinh m& . , 

— z, — • — T~r-z—- — :: — r y smh r^iy sm mx 



1 /x, a sinh 2m'b + 2m& 

] 



— cosh ml) 



1 



S 1 W . 7 I X' + /^ fl 



mh sinh 7??i^ 



+ 1, — — sin ml 

1 m <z ■ 



sinh 2mh — 2^y7i/; 



sinh ??i^ cos mx 



^ 1 W sin Qnl cosh mb , 

1 yC6 a smh z??io — 2?/Z'& '^ -^ 



V 



CO 



- S i ^ cos m/ J>:±-/^ 



-j \ -j 



(94). 



+ t 



I m a 

« 1 W cos ml sinh mZ> 



At a sinh 2mZ) + 2m& 



sinh 2mb + 27?i& 
y cosh my cos ?77.t 



sinh my cos m:iJ 



^ 1 W . J 

— S sm m/ 



+ 2 



1 ^^ <^ 

^ 1 W sin ml cosh mZ) 



"7 + -— ) cosh mh + -~~ mh sinh Qnh 

\ -]- fji fi / jju 

sinh 2'??i& — 2mJ) 



cosh my sin mx 



1 //. (X sinh 2mh — 2m& 

W3/ 



y sinh my sin ?/ix 



2aE 



+ Ax. 



J 



p __ 



2W « sinh m& — mh cosh m/; , 

^ Z cos m6 ^~rT7 T"T"~7r~7^ — COS mx cosh m-z/ 

<^ 1 smh 2771& + 2mh ^ 



2W 



00 



Q = 



\ 



^ -J my sinh mh 

Z COS m6 -T-r ^r—- , _ -- COS m;?^ smh my 
a 1 smh 2mh + 2m& -^ 

2W ^ . cosh 7?i& — mh sinh m& . . , 

^^ - 2, sm m^ ^~T~^r~7 — '~w~^7 — sm mx smh my 

ct 1 smh 2mh — 2r/i/; ^ 

2 W ^ . m?/ cosh 7?i& 

z sm m^ -rY^^7~T -— — sm mx cosh m^. 

a 1 smh 2m& — 2m.-h "^ 

W 2W ^, , sinh mh + m& cosh mh . 

Z cos mC r~:r-T —.— — --3- - qq^ ^rj. cosh my 
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sinh 2'7nh + 2^?i& 



2W _^ my sinh 7?z& 

m( -rT'T, 7 — ^ -; COS m,T smh my 
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2W ^ . m?/ cosh ??^& 

+ "~~ ^ sm m/^ . , ^ _ „ , sm mx cosh m-i/. 
a 1 smh Imh •— 2m& "^ 
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(95). 
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^ 2W =!, J mh cosh mh . . , 

B = — S COS ml . , ^-~z r— -- sm mx smn my 

a I smn 2mo + 2mb 



■^ 



2W ^ , m?/ smh mh . , 

— S COS m6 ". , ^ ^ r— 7 sm m^ cosh ^m/ 

a 1 smh 2m/9 + 2mo ^ 



2W ;^ . J mh sinh m& , 

— - — % sm m^ . ., ^ , ■-—; cos mci^ cosh my 



sinh 2mh — • 27?i& 



. 2W ^ . 7 m'z/ cosh mh . , 

4. — 2 sm ml ^^^ZiToZl — oZl ^^^ ^^^ ^^^^ ^2/ 



sinh 2mb •— 2m6 



^ 



(96), 



where A in the above is an arbitrary constant representing a rigid body rotation. If 
the conditions of fixing are that the two extremities of the horizontal axis are to 
remain at the same vertical height after strain, A is zero. 

If, on the other hand, we fix the beam in such a way that the shears Wl/a over 
the ends are each allowed to produce, at the extremities of the axis, the deflection 
which they would produce if the bar were clamped at its middle and the deflection 

were calculated on the Euler- Bernoulli theory, then we find Aa = 



2Eh^ ^ 



This 



appears to be the more natural method of fixing. We shall, therefore, in what 
follows, suppose A to have this value. 



28. Integral Expressions when a is made Infinite. 



When we increase the length of the bar indefinitely, it is easy to show that, if we 
take the last given value of A, the displacements remain finite at a finite distance 
and the stresses remain finite throughout — ^excepting, of course, at the points where 
the concentrated loads act. 

We then obtain, as in § 15, 



U 




X' + ft' 



sinh u 



•u cosh V, 



\ 



u 



sinh 2u + 2^6 



ul , %y , 'im -J 
cos -7- cosh ~r'- sm - an 

b b 



'Wy p sinh u 



fMirb Jo 



id 



smh It id , , 'uy . u:io , 

-:-—- COS 7- smh ~~- sm -~~ du 

smh 2to -i- 2u b b b 



> 




^ — ^ sm -— smh -r^cos 





1 _\ % ).du 



sinh 2u — 2% 



\' + flj4:U%\ 



(97) 



•bhAmw 



Wy 



»00 



cosh % 



"^ I 



. ul , tty ux 
irbfjb J \ smh 2io — 2% b b b 4tr b 



T ]du 
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V ::= 



1 1\ . n 



"^ 



sinh 2i(j + 2u 



y id . , ity ux , 

COS 7~ siiih -7- cos -7- du 

boh 



/*CO 




siiili u 



id -J z^?/ lix 

~~~. \ ~z 'Z COS ~ COSil ~r~ COS ~, 

Sinn Alt + 2^6 00 



1 



to 



\' 4 



1 \ 'II 

-f- — ) cosli u + — ^ Binh to 



t /^ 



f^/ 



/^ 



> 



sinh 2^?/^ — 2'U 



J 



. vl . VAI . %IX 

Sill 7 cosh 7- sm V 

b b b 



> 



1 






■^X" 



Wy 



cosb lb 



fjiirb J sinh 2u 



2 
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^a 



b 



b 



b 



J 



2W 
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my 

ttV . 
2W 

2'Wy 



/»CO 
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siiih 2u + 2^6 & /; b 



r><Xi 



It sinh ?,6 



id 



sinh 2'Z^ + 2ib 



uo ux . . Ulf J 

COS T COS 7 • sinli 7^ ail 







b 



b 



/«00 



cosh u — u sinh 'Z/. « id . ux . '^^7/ 
— _ - — gjj^ g^^ g^j^j^ _^ ^^^^ 

sinh 2u — z^6 b b 



r»co 



^6 cosh u 



id « '24« , uy 

-, n * 1 r» i:^ Sill 7 Sill 7 COSJl 7' CvU. 

irb^ J smh 2u — 2i6 b b b ' 



+ 



2_W 

2Wy 

2W 



/aX 



sinh 'Z6 4- u cosh 26 ?i/ 

-, ^ 7^ " 0Ok5 ^ OOo ~' 

smh 2u H" 27./. 5 Z; 



1 ^^2/ 7 
cosh 7 au 

b 



fXi 



u sinh u 



id ux , , uif 
-^~-~~-~ -—- cos -7 COS 7- smh 7'- an 

siiili 226 + 276 b b b 



/»00 



cosh 76 + U sinh 76 . id . 760.^ „ 767/ 

~ T7-7- T — sill 7- sm -7 smh -r du 

smh 276 — 2'i6 b b b 



V 



7r& Jo 
2W7/ p ^16 cosh ^6 

sinh 226 — 276 






nrW JO 



76^ 

i 



'66.2.' 

T) 



uy 
b 



s== 



2W r"^ 7.6 cosh '26 
7r& J sinh 276 4- 226 



COS , sm ~7 smh v- rf^^ 

b 



/♦CO 



76 Smll 76 



76/ . 76->; 767/ , 

,, . , ^ , ■ COS 7 sm ■ cosh 7 - a7.6 

irb^ J smh 2'i6 + 276 b b b 



2W 
irb 



r*co 



u sinh ^6 



J 



id ux .. 767/ , 

. -, \ 77 sm "7 COS 7^~ COSH ' J,^ 067/' 

smh 226 — 27.6 b b b 



2Wy p u cosh 76 



Tib'^ Jo sinh 2 



76 



^ sm — COS -:- smh 7*^ du 

2u b b b 



uy 



J 



du 
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J 



. . (98). 



Now, as before, these expressions may be expanded in powers of r about the 
origin. In this case they will be found to have a radius of convergence ^/^ + 6^. 
Or they may be expanded about either point of concentrated loading, when they 
will have a radius of convergence 2^/1;^ + 6^, or they may be split up as follows : — 
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Write 



cosh It , (1 -• 4:11 + e~^'') 

sinli 2u + 2u 2 (sinh 2w -f 2if) 



cosh lb 



sinh 2u — 2u, 



^2 (sinh 2u - 2^0 



sinh V. ( — 1 — 4:11 + c^"^") 

sinh 2u -\- 2u ' ^ ' 2 (sinh 2v. + 2?/) 



sin h u . ( — 1 + 4?/. + e~-^0 

sinh 2?/. •— 2u ' 2 (sinh 2ao — 2ii) 



and consider separately the parts of the integrals due to the first and second terms 
of the right-hand sides of the above equations. 

We find, after some reductions, on writing b — y = y\ y'^ + (^ "~ ^Y 
y-h = y\ y''^ + (^ + 0^ ^ ^'3^ {^ + 0/^" = ^^^^1^ 9^2. (^ - ^ly' = t^i^ ^i' 

W cos 6, W cos <^o . Wv' ^ . , Wy'^ ^ , , -^ ^ 

- ^' ^^ + :, cos 2(/)i + _f ,- cos 2(^p^ + P3 



. 3 
1 ' 



P 



TTT, 



nrr^-' 



nrr^ 



q=- 



W cos 0^ W cos (^, 
7rv% Trro 



Wy' 



rrr 



^ cos 2<j^; 



'V cos 2(/>2 + Q^ 



Trro" 



• . (99), 



s = 



^; .3 sin 2<jyy - ^j sin 2<j^3 + S3 



TT^o^ 



where 



y 



:2 



w r (1 + h^t - 4^ ~_(i_--j/,) 6~2.) ^-^^ 

ttI) Jo 



sinh 2'Z6 4- 2?6 



III ux 1 '?^'?/ 7 

COS -^r cos -r cosh -7 m^ 

7; 



N 



w 

IT I) 



'CO 



(1 + 5?^. — 4:ii} 4- (1 ■— i() c~) <3~^' . id . '?/a:^ . , vy -, 

— — r-T-TT-^ — -z—- sm r sm -7 sinh -; ((^^ 

snih 2it' — 2u b b 



W?/ p ?/. (1 4 4:ti — e~-"^) er"-^ ul ux . , mj . 

iT(r Jo snih 2'i6 4- 2u b b b 



Q2 



irh" 



w 



/^QO 



'^6 (1 4 4:tc 4- 6"^^^) ^~" . vJ . ^^^^^ , ^ty , 

- -."T~7» — "7, sm , sm 7 cosh f clu, 

smh 2^1 — 2u b b b 



• 00 



(1 4- ou -f 4?62 - (1 4- i() e"'^") e~'' ul ux , iiy , 

TTO Jo sinh 2v.j 4- 2'?// /; /; b 



) . (100)^ 



w r (1 -f- 3/6 + 4'wM- (1^47^0 <5~^'0 ^ 

7r/> jo sinh 2?/' — 2?/. 



~ii 



id . -Zi^a^ . , vy -, 
sm - sm T- smh -; a^/ 

b b b 



Wy r //. {Ij- 4U - 6"2n) ^ 
'/r/r Jo 



-11 



ul two . , VAj -, 

• TO .0 ^^^ 7 COS V smh ~ ail 

snih 2?/ + 2u b b b 



'Wy f V (1 + 4?A + 6-^'0 6"'^ . 2^; . q.tx , 7.6V 7 
+ 70 -r . o 17 ^^^ 7 sm :~ cosh -~~ cm 

rdr Jo smh 2/6 — 276 /; /; b 



■''? 
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bo — 






■ 00 







u (1 — 4t.tb -\' e ^") e 
sinh 2tb + i2i6 



id , 

OOo - sill "~T" 

& 



smh , cm 



W ru(-^l + 4:11 + ^"^^0 e 

irh Jo Binli 2?,6 — 2u 



Sin " cos ~r cosh ' cm 



1) 



h 



h 



+ -^^V ----;^--^ --^-^ QQg ^ijj .---. Q(3^h 7- cm 

^ ' siiih 2ie + 2u 1) h h 



itW jo 



"T" 



Wy ^"^ %t{l +4:t/. + g-3«) ^- 



7r/r , 



sinli 2?6 — 2i^ 



- sin 7- cos '-~r smh -r- du 



b 



h 



I) 



^ 



. (100), 



^ 



Pg, Qp^, S2, are finite and continuous all over the beam. They may be expanded in 
powers of r about the origin, the series being convergent inside a circle of radius 
\/¥ + (36)^5 so that the points of concentrated loading are included. The f)arts of 
P, Q, S which become infinite at the points where the load acts are of the same 
form as if the beam were an infinite plate. 



§ 29. Series in Foivers of o\ 
We may here quote the expressions for P^^ Qg, S^ in powers of r. They are : 



P 



W ^ / r \2" cos 2p6 r %i?^ (1 + 5t^ - 4# ~ (1 -- %i) ^r^") e"« %a , 
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00 



t 
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.-_ , 1 J I - — _ — _____ _- _ L £ OTi-i - - 



riTb^\bJ (2V)\ Jo 



sinh 2u — 2u 



sm - du 

b 



Wy ^ / r \2'^+^- cos 2f + 1 d) f" ^63^+3 n + 4^^ -^ ^."-2«) ^-n ^a , 
^ ^'^^&/ (2z^ + l)l Jo smh2« + 2?/^ /) 



7rZ>^ 
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■\Y '^ / '■'^ \ ^'^ 
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:S — —7:7-7-"-- — .,.____^____-_. - — -^ — I — _!-__ - (3og ^. ^^ 

Tfb \b / (2i/)! Jo smh 2?/. + 2^- 6 



W ^, 7 ^^ \^" sin 2?/6 r "^^ (1 + 3i6 + 4t62 + (1 + tt) e™2^0 ^-""'^ ^ '^^^ 7 

— ^ h~~ ~~^ ^ — — sii'i ■■"-^' ^'^'^'^' 

wb I \b / {2p) I ,. smh 2?i • 



2u 



b 



W.?/ - / r \2-+l COS 2l.+ 1 <^ r" ^62^+2 (1 „^ 4^^^ _^ g-^3.,) e 



7r1f \ b 



(2^ + 1) ! J 



-n 



sinh 2?./. + 2ti' 



cos V ce'^ 
6 



W^/ - / r \3''+i sin 2z/ + 1 (i f" tf^+s (i + 4^, + e"-3») ^-« . 7^^ 



7r&^ \ ^ / 



2z.+ 1)1 Jo 



siiili 2u — 2u 



b 
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s. 



w 



00 / 



t 



r Y^ ylii 2p^ ["" 'i//^+i (1 " 4:10 + e~^-'') er'' 



irh i\h) i2v)\ Jo (sinh 2/6 + 2i0 



id 

h 



du 



W ^, / r Y' cos 2p6 ^ ^^■^^""'^^ (^ "~ 4i/. - e-^'O ^~" • '^^^^ 7 



+ "V 2 



& \ & / ~(2a/)"[ j (sinh 2i6 ~ 2^^ 



TTO 



-|- :,T," ^ I ._ I "'..-. ... ' . ., ",^ ~ .; ' COS w Cltl 



irb'- 



l] {2v-\-\)\ 



sinh 2^6 -{- 2//y 



I 



+ 7r&3 7 U/ (2^ Tl)T ' " ^sinh 2i^ "^ 2^6 "'"' ^" ^^^ I ' 

where r^ = .x^ Ar ]f^ x -=- y tan <^. 

U, V may be broken up in like manner and the parts U^, V2 which remain finite 
and continuous everywhere can be expanded in the same way. 

We shall require also the series for U, V, P, Q, S in powers of r, deduced directly 
from the expressions (98). They are 
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TT 



1 \ /.rY'^+^cos2z^ + l^ 
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(101). 
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where 



all 



d 



C2,, — 






O9,, = 



f^ 76^^+^ cosli to 'id .J 

. , ,; ,7 COS -, cm V 
Jo sinli Mb + ^ti' 

T-7--7; T" COS ~ du V 

smli Zu + 2'Z/. & 
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, (102), 



§ 30. Distortion of the Axis of the Beam. 

If iu the expression for V we vviite y = we obtain the equation of the distorted 
foim of the axis 



V 



■\Y 



1 






2t/ + l 



I 



hj Civ + 1) ! 



To the iirst approximation it is a semi-cubical parabola 



V 



wr/4 1 

V\E^"^ + ^^^/& 



TT 



E^i+/.^V 66^J^ 



This holds if x be small compared with h. If further we have I small compared with 
l)^ so that the two concentrated loads are applied in near parallel lines (exj.^ as in the 
case of material pressed between the edges of a jjair of scissors), then we have, to the 
first appi'oximation, 

/ r^' / % cosh %b \ -, P \'^ UP cosh 76 d.ih 
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h Jo ■' siiili 2/6 



^ u 



9 



/6 



466^ / 



dii 



F, "~ ^3-77, Fo (see p. 99). 
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q - (\ 1 ^ r^ 









6 7 8 5? 
6 ^8 ^6- 



6&'\lo Hinh 2?6 — 2/6 



The terms of order V'jW may be dropped in the coefficient of x^'jlfi^ the latter 
quantity being already small, and Ave have finally 
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W Ix 

ttE Ir 






&^''6 + 



E G,\ l^ + ,F 
fj, 6 / If" "■ 
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or putting E = 5/x/2 to simplify the arithmetic 



V 






2*80 — 4-9G 



. P + .y^ 



h^ 



The slope of the strained form of the axis at tiie origin is therefore a maximum 
when 2-80 - 4*96 X ']'^ = 0, or l/h = '434. 

For such a value of l/h the approximation will not be quite valid. Still, it will be 
sufficient, even then, to give a rough idea of the values of the coefHcients. 

Assuming the formula given for V to hold for this value of l/b, we see that this 

W 

greatest slope is — .:,- (•810). 

Now if the part of the beam between x ^ ±: I were subjected to a uniform shear 
W/26 giving the same total shear across the section, then, if the sections x = -^l 



were kept vertical, we should have V = - 
;'ives a slope nearly 3/2 of the preceding one. 



W X 



2b fM 



W 

Eh 



^Xl-25,if E^ 5/x/2. This 



g 



§ 31. Distortion of the Cross-section x = 0, and Shear in that Cross-sectioTL 
If we work out in the same \¥ay the value of U for x = we find 






W 

vr \0 



< 



1 1 

X + A y^ I v-^^ + V 



111 

-1 \ t 1^ ^^%v — \ /o \ t 
1); yC6 (^^^j- 



If I be very small and yjb sufficiently small for 5th and higher powers to be 
neglected, this gives, assuming E =: 5/x/2 to simplify the arithmetic. 



U 



ttE/^s 



(4F,--2'5G,) + S(fF,^AG,) 



i/% (y, , 



IT 






5-292 + |J(-492) 



We see, therefore, that the ?/'^ term, is practically negligible, or, for a very large 
range of y, the mid-section remains sensibly plane. 
For the shear in this cross-section, we have 



2j/ + 2 



S 



1 



o 






or 



S 



2W 2 W ?/ // S, \ 

-irh ^"^ irh If- \\ 2 / 



Sj ) — higher terms. 



Oc 



S is therefore a numerical minimum at the centre if --,^ — Sj > 0. 
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Now for the small values of lib 



But since G^ = 24*824, Fg == 7*224, when l/h is small So > 2S|, and the shear 
increases from the centre outwards. This is shown by the full curve (a) in fig. vi. 




-/'O -a 



o 



"'6 -'4- -'2 

Values of Cf/h 
(t^)..—^curva showing variation oftiie shear when L^-ib , 

(C)- *-^ " " " " " " " L'^'SB.b. 



W\g, vi. 



Near the edges y ^=^ -^b^ if I be small, the terms - ■ - sin 2^^ — -^^-^ sin 2^3 will be 



wr 



1T1\ 



the most important. Hence the shear is a minimum at the centre, increases to a 
high maximum corresponding to a distance from the edge equal to I approximately, 
and decreases down again to zero. The full curve in fig. vi. has been drawrj 
for I = 6/10. 

As we increase l^ these maxima at the sides become smaller and smaller and move 
towards the centre. At the same time the shear at the centre increases. 

When Ijb is made indefinitely large it is easily seen that Sq and Sjs tend to the 
finite limit Stt/S whereas S^ and all the others tend to zero. 

Hence, for some value of //6 we must have So '^ 2Si. 
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It we calculate the values of Sg and S^ for Ijh = Tr/6, tt/S, 7r/2, we find 



Ijh. 


Si. 


S2. 


1-9862 
1-2585 


3-9475 
•3235 


7r/3 
7r/2 


- -0591 



From these values and from the known behaviour of these functions near yh = 
and Ijh = oo we can draw a rough diagram illustrating their variations. Fig. vii. 
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2'0 



gives the curves of Sq, 2S^, and S^ as we increase I. It will be seen from the figure 
that S2 and 2S| intersect when l/b ==: '52 nearly. 

Hence, when the arm of the couple is about half the height of the beam the shear 
is stationary at the centre, a horizontal straight line having contact of the third 
order with the curve. Curve (c), fig. vi., shows the distribution of shear? roughly 
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sketch edj for this case. It is easy to see that the centre corresponds to a maximum 
for the shear, for the next higher terms in the expansion of S are — — r- '-7(7^ — ,;,'l 

We have therefore a numerical maximum if S4, < 483, and a rough numerical 
calculation enables us to verify that this is the case. 

The shear is therefore greatest at the centre, but decreases extremely slowly and 
remains constant over nearly half the section. 

Another case of interest presents itself when the shear at the centre is exactly 
equal to its mean value over the section. 

This occurs when Sq = *7854 == 7r/4. 

If we write So ^ (l/b) Gg - } (l/hf G^, = 2*818 l/b ~ 4-138 P/¥, we find that this 
roughly corresponds to //& ~ '32. 

Measured on the diagram for Sq on fig. vii. the value of l/h corresponding to 
Sq = 7r/4 would, be about '35, This latter value is probably the more correct, as for 
values of l/b > %3 the above approximation for S^ is hardly sufficient. 

In this case it is found that 8J2 — S^ = ^4 roughly. The shear is therefore 
a minimum at the centre. It increases as we proceed outwards, but not very rapidly, 
and decreases down to zero at the edges. The curve is shown as (b) on fig. vi. The 
total area of the curve reckoned from a horiEontal tangent at the middle point as 
base is zero, ie., there is as much above as below. 

Finally, curve (d) on. fig. vi. shows the distribution of shear when the arm of the 
couple is indefinitely increased. This is the parabola 

?)W / \ 



Ah y 

It is striking how very early this limiting distribution is reached. Fig, vil. already 
shows that the coefficients of the series reach their limiting values with great 
rapidity. For an arm of the couple equal to twice the height of the beam, the 
parabolic distribution of shear, corresponding to a long cantilever, will, at the mid- 
section, be practically undisturbed. 

S 32. Practical Importance of this Problem, 

The problem which has been investigated in this part of the paper is one of 
considerable importance in practice. The only way in which we can apply a shearing 
force to materials is by means of two opposite asymmetrically situated pressures, 
such as we have dealt with in this case. The case of material cut through by 
scissors, which is frequently quoted as an example of the application of shearing 
stress, really corresponds to a stress-distribution of this kind. Similarly, a rivet 
which fastens together two plates is subjected to stress-systems of this type 
whenever the compound plate undergoes strain in its own plane, In nearly every 
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modern engineering structure, such as railway bridges, &c., cases of this kind are of 
constant occurrence, and the strength of the structure depends, to a very great 
extent, upon the strength of the individual rivets. It becomes therefore a problem 
of the very greatest practical importance to know how the distribution of shear 
inside such a rivet varies with the dimensions of the rivet and with the thickness of 
the plates. At present our knowledge of tlie subject is purely empirical ; and 
although the results of the present paper apply only to a rivet of rectangular 
section, and even then are only an approximation, yet they should furnish some 
indications which may be of value in other cases. 

Another point which is illustrated by these results is tlie manner in which 
DE Saint-Venant's solutions are modified, wlien we gradually bring the terminal 
systems of load closer together. We see that the modifications introduced are 
practically insensible at distances from the section where the load is applied which 
are greater than the height of the beam. This is of importance, as it tells us within 
which limits, in any experiment, we may assmne the state of a beam to be given by 
one of the ^^ uniform" solutions which only depend upon the total terminal conditious 
and which are transmitted without change of type. 



PAKT IV. 

Solution for a Beam whose upper and lower Boundaries are acted upon 

BY Shearing Stress only. 



§ 33. Expressions for the Displacements and Stresses in Series and Integrals. 

Let us now consider a beam acted upon by shearing stress alone, over the 
boundaries ?y = J;; 6. Then, in the general solution of § 7, a,, =■ ^u = Jn = ^n == 0. 
If further we suppose the shear to reduce to a single concentrated force L at one 

Putting in these values into (44), (45), (46), (47), (48), (54), and (55) we obtain 
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where m = 7i7r/a^ and A, B, C are arbitrary constants to be determined from the 
fixing conditions. 

Now if the fixing conditions are 

(i.) That the displacement of the origin is to be zero ; 

(ii.) That the extremities of the axis are to remain on the same horizontal line^ then 
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but if we put in these values and tlien proceed to make a infinite, certain parts of 
the expressions for U and V do not give finite integrals in the limit. 

This is due to the fact that the conditions of rigid equilibrium require shears 
LZ>/2a at the two ends (fig. viii.). 
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These shears Jjh/2a will produce a deflection due to bending alone, Avhichj 
calculated from the Eulej.*-Bernoulli formula, comes to 
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and when a is made very large, this gives 






(104) 



for the bending deflection produced by the end shears at large distances x, whicli, 
however, are still finite compared with. a. If, therefore, we allow the beam to bend 
freely under these end loads, in such a way that each of these produces its proper 
bending deflection and no more, the constant A must be adjusted so that, for large 
values ofx^ V tends to the value (104). 

This implies that A must have an infinite part, which will exactly cancel the 
infinite pai't of V, It is easily found that tlie value 

Js^ 3-: l..^ 1 I jL\ e ii I .J:.,.^ ! pj^ 

where A' is finite, will introduce terms in both U and V which will make these 
quantities remain finite in the limit when a is infinite. 

We then find, putting in for B the value found and proceeding to the limit, 
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lliis Integral may be written as tlie sum of two others. 
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Consider tlie first of these inteofrals. and let 
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Then/*(t^) and its differential coefficients are finite and continuous for all values 
of li^ and vanish for u =z cc . f (u) itself = 0, when u = and the integral 
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f {^i()\ du is finite, | /'' ('^0 1 denoting the absolute value ofy'^('?^<). It is then 
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easy to see that 1 = 1/ [u) sin u^ chi tends to zero as ^ tends to infinity. For. 
integrating by parts 
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and therefore tends to zero as ^ tends to infinity. 

Hence, when x is large, V reduces to the second integral Tlie latter can be 
evaluated, and it comes to 
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The iirst terms correspond to the bending due to the shears at the ends. 

AVe should therefore try to make A^x — /-';:(' -^ t"-- — ) =: for all large values 

•^ 160 V ^ -h fji^J 

of X. 

This is obviously impossible. But A^x being eventually the most important term, 
the condition is approximately fulfilled by taking A^ z=z 0. This determines U and 
V. We see that the effect of the isolated shear L is to defied the central line of tlie 

beam through the distance 2 X "tt^ ( .7 ; — ) citvaif from its line of action. 
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Putthig A^ = in equations (105) they give us U and V. Integral expressions 

for the stresses are obtained in like manner. They are 






. .7, r cosh V sni - du 

siiih I'll -f 2,Vj I) 



irh Jo 

L p 2 sinli u — tc cosh u 
rrh J sinh 2io — 2io 

L f"" uy cosh 10 . iiy , ux , 

-7- -T - smh ; ^ui-T-du 

TTO Jo I) snih 2y/y + 2u b h 



smh r~sm :, du 




L p ifyy si.nl I v^ 
7r<^Jo h siiih 2?/' — 2//. 



, vy . ux -J 

cosli 7 sm -7- a^^ 



"^ 



> ■ 



(106) 



^ 



134 



M\i. L. N. G. FILON ON AN APPEOXtMATK SOT.UTiON FOR JJENDING A 



Q 



s 



L f^ u sinli u -. uij . -iix j 



■^ 



L ''^ 
irb , 



^6 cosh it 



vy 









sinli 2u - 

?/y COSi 1 ?.A 



^^ siiili , 



^(•ti' 



/; 



dii 






■~; ^ r _~ Sill J 1 ., fctlll T' CvU' 

siiili 2ii + 2?/. /; /> 



Ly p ^^6 siiih %L , ^6;^/ . 76..>; , 



Jjy r~^ u cosli ^6 , fWij 'im -, 

79 -riv ^ cosh V cos , ai^ 



«__ nil 11% 









L 



"/•^ sinli '?// . , /^v/ y//'2; . 

. , -7, ^ - smn 7- cos :, <^^^^ 

smh lib — 2^^6 /) b 



(*X, 



Trb J 
L 



cosh 'to — II sinli lb . , 7.6 // /(i- . 

— , ^~ - --- - Sinn ,' cos -,- cm 

smn Zib + 2i6 b b 



sinli ^6 — 'U cosli 7i' , // y 'ib'X J 

--7-7.-— "7, cosli 7 COS "7 aii 

smn Zib — 2'?/y /^ b 



> 



(lOG), 



y 



§ 34. Expressions for the Displacements and Stresses in- Series of Powers of the 

Radius Vector from a Faint. 

The ex|3ressions given above for U, V, P, Q, S may be transfoi'ined exactly as in 
§§ IG, 17, and we obtain expansions about the point (O5 h) where the shear is appHed. 
lilventually, 7'\ (^^ having the same meaning as on p, 92, we find : 
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where the H's are given by equations (80) and are the same as before ; and 



^ 



(107), 



.CO 



D 



It 



1 4. ^y^ i - X^^ 1^ 



1/3/ "l/?—*?^ 



3 



sinli^ 2u — A.%(? 



"^ '^i "" 16?^3 



cosli u 



4:u sinh 2?^ + 2?a 



/i^ 



(^Y? 



71 f*CO 



■ i lum 



sinh '?i' 



^1 

4/^ Jo 4(sinh27y/+ 2^/) 



c/i^. 



The leading terms in U, V, P, Q, S which precede the t's form what is left of this 
solution when h is made infinite. They give therefore the displacements and stresses 
due to a shear acting at an edge of an infinite plate. 

They will be found to agree with the expressions obtained by Boijssinesq ('Comptes 
Eendus/ vol. 114, pp. 1465-1468) for an infinite solid, the strain being two- 
dimensional ; provided that X be changed into X\ 

At the point of loading itself the stresses are infinite and the displacements infinite 
or indeterminate. 

The series in the expressions (107) are easily seen to have a radius of con- 
vergence 46. 

The series for the shear reveals a very curious phenomenon. The terms due to 

tlie infinite plate may be written — ' —7^^ , They give therefore a po,s'{i^n'e shear 

throughout, and zero shear on the axis of y. But when the other terms are taken 
into account, the shear at points on the axis of y is 
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which gives a negative shear on the axis of y, as soon as Ave get away from the point 
of loading. 

It follows that there must be, on either side of the cross-section through the load, 
a locus of points of zero shear. 

It is easy to find the approximate form of this locus in the neighbourhood of the 
point of loading. Retaining only the leading terms in the S's in the expression for 
the shear, we find that S = when 
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Tliese are tvs^o circles passing tlir-ough the point of loading and having their centres 
lying on tlie n])per edge of the beam, at a distance from the point of loading eqnal 

7 

= "5876. These give a kind of wedge-shaped area, similar to that 
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enclosed by the cusp of a caustic curve, inside which the shear is negative. This cusp 
is shown in fig. ix. 

For higher values of jf/b this approximation will no longer hold, and the curve will 

deviate from the circle. 



§ 35. Distortion of the Beam. 

An interesting feature of a stress-system of this type is the distortion suffered by 
lines parallel to the axis of the beam. 

We have already seen that at a certain distance the axis itself suffered a bodily shift, 
being depressed in front of the acting load and liaised behind it, 
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The series for V in the neighbourhood of the load shows a similar phenomenon, 

L 1 

points to the right of oj = being depressed by -j —-' — , and points to the left raised 

by the same amount. 

Hy being negative and H.^ being positive, as we go away from the load, tlie ettect 
of the series is to decrease this effect, the level of the points in front of and 
behind the load tending to equalize itself If we work out tlie series for V in the 
neighbourhood of the origin and of the point (0, — 6), we find (V) in tlie neighbour- 



hood of origin 
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where the F's and G's liave the values given on p. 99, except that now 
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Similarly (V) in neighbourhood of point (0, — h) 
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where the H"s have the value given on page 102. 

From these expressions we obtain the following values for the transverse dis^ 
placements of points on the lines 2/ = 0, y= ~ b : — 
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So that, approximately, putting in the values of the constants, 
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(•125) + - (-228) - :, (-041) + . _ 



Z^^ 



vvliere Iii the above uni-coiistaiit isotropy has been assumed to siniplify the calcula- 
tions, so that X' = l/x. 'Ea = l/x. 

The distortion, calculated from these formuhB, is represented on fig, x. for a range 
of X between J- '56. Curve (a) shows the distorted form of the upper edge, (6) that 
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of the axis, (c) that of the lower edge. With regard to (a) the limiting case, in 
which V is actually discontinuous, does not occur in practice. In order to get a 
real case, we have to take a horizontal line whose y is very small without being 
actually zero. The discontinuity is then replaced by a very rapid variation, as 
shown by the dotted line. 

The curves show that the depression produced in front of the load diminishes 
rapidly as we go away from the upper edge, and is even changed to a rise at the 
bottom of the beam. In every case, as we go away from the mid-sectioiij . the 
distorted lines rise to the right and fall to the left. 



BEAM OF RECTANCxULAR CROSS-SECTION UNDER ANY SYSTE?^! OF LOAD. 139 



I 36. Case lohere the Shear is spread over an Area instead of a Line, 

As In § 22, we may consider the effect of distributing the concentrated shear over 
an area, instead of over a line. This is all the more important because, although 
we can, in practice, approximate to a line-distribution of pressure by means of a 
knife-edge, we cannot in the same way approximate to a line distribution of shear- 
shear being usually transmitted by means of projecting collars, which have a certain 
thickness. It is true that a thin notch might be cut into the material and an edge 
inserted in it which might be pulled sideways. But the cutting of such a notch 
would seriously weaken the material, besides altering the conditions so much as to 
render our solution inapplicable. 

If we suppose oiu:* shear spread over a length 2a'. of the upper edge, and if we 
adhere to the notation on p. 104, we fiud easily, L now denoting shearing force per 
imit area :—- 

^ = - "t {xT;. + ^) { ^^ + «') l«g 6 - ('^^ - ^') ^^S i - 2a' + 2/' (<^i - .^,) 

2Uf 1 ■ 1\JD ^^, , ^r,'-'*'mi(2v+3)< j>,-r,^''+Hm( 2 v + S)4>, , 

_ ^^y% ''"i^"*' *^"^ (2^ + 1) _^i - ^'a^'"^' •''i" (21- 4- 1) <;&2 TT 
~^fi " ' ' " li^^^r(2v'+ljl '" 

2TY - 7f "+2 sin (2v + 2) ^i - r„2-+2 sin (2v + 2) ^., ,„ _ tt x 
"'" TT^ fi^^+2 (2v + 2) ! ^"'^''■" "'"' 



_ __ T^ 1_ 

Ztt \ "{- fi 



(3C + a') 4>i~{x- «') <^3 - y ^og '}} " ^^ log ;,; 



2U / 1 _ , 1 \ ^ ''i^"+' cos {2v + 2)^1 - r/''+2 cos {2v + 2)^3 



_ 2 L?> g. rj^-'+i cos {2v +1)^^- r^^''^^ cos (2i/ + 1) ^3 ,„ TT \ 

~ TT (X' + ;.) T P^''(2mT)T ~ ^ '^"' ~ ""'^ 

2Ly'- r,2.'+2 cos (2»'+ 2) ^1-7-32^+2 cos (2j'+ 2)^3, „ _H ^ 

_ 2Ly' g, rj2''+> cos (2;/ -f l)<^i- ?v"+^ cos {2v+ 1) ^o -pr 
~ TT/i 7 W^^{2v + 1)1 ^ 2" 

T 2 ■ ' 
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8L ^ 7^i2v+2 (.(-^g (2v + 2) ^i — r/'^+2 COS (2z/ + 2) c/)., .^1- tt \ 



^ 4L - r-^2.+i eos (2^ + 1) ^i -- r^^^'-^^ cos (2v + 1) ^3 -o- 

^^" TT ---f^+rj^^'^ lyy " - -^12. 

^ 4:L/ 1 ri2v+2 cos (2p + 2) ^^ - n/-+^ cos (2z/ + 2) c/), -^ 

"^ -'"""^"^^"-"'^ ^T2-^::}:-^^2yr""" ^ ''"-' 

4%'^ r-^2v+i (3Qg (^2p + 1) ^1 — ^'2^''"^'^ cos (2v + 1) <^3 /-rr tt \ 

■ "'^ "^ " ^""'^""^ Z>2'^+i'(2i7TI)'! ^ ^ ''""' "^ ''^' 

n — ^^'^^' f^^^ ^1 ^^'^ ^A '^^^ ^^^'^""^^ ^^^ (^^ + 1) ^1 — ^'3^'"^^ cos (2v + 1) ^3 jj 

^% — - I --^ -— 1 --^ Zi - - - - Ij 

TT \ 7\ ^3 / ^0 Ir'^^ {2p + 1}! 

4%' ^ r^2v+2 cos (2z/ 4 2) ^1 — n/'^+s cos (2z/ + 2) (^o -o- 

+ -^j~ S ^ ^''+2 (2z; + 2)1 ~ '^""''^ 

^ 4L?/'^r;^2^+^ cos (21/4-1)^1—^3^'^+^ cos (2i/+ 1)^3 ,^ . 

^ Jj . J J X L^' /sin ^1 sin ^ 

b = {<pi — (po) — — ■ I — — — "— — 

4L ^ ^'_^2,/+2 gjj^ ^2»/ + 2) ^1 — r32,/+2 gjjj ^2z/ 4- 2) ^o /yj jj- >. 

4.L/ - r^^^^+i sin (2^4 1) c^i-r^^n-i sin (2z.4 1) <^3 /rr tt x 

The same remarks which were made onp, 106 as to the validity of such expressions 
apply here. Assuming that 2a^ < 46, we may apply these to obtain the state of 
things near the layer of shear and at its extremities. 

Clearly the only terms where discontinuities in IJ, V, P, Q, S, or their differential 
coefficients, may be introduced are their leading terms. Let us therefore study 
these. 

It is easily seen that {x -{-a^) log 1\ and {x—a) log r^ are finite, continuous, and one- 
valued throughout, tending to at the points (=F a\ 0). Their differential coefficients 
with regard to y are likewise everywhere finite, but are indeterminate at (=f^ a\ 0). 
They introduce, however^ no discontinuity if we proceed along y' = 0. 

Similarly y^ log r^ and y^ log r^ are everywhere continuous, finite, and one- valued, 
and their diflBrential coefficients with regard to x give no discontinuity if we keep 
to / — 0, 
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y' (^1 "~" 4^%} 1^ everywhere continuous. Its differential coefficient with regard 
to y is indeterminate at (i a\ 0) ; if we proceed along tf = it increases by tt as we 
pass the point (—a', 0) and decreases by ir as we pass the point (+ <^\ 0). The 
same holds with regard to {x + ^0 (f>i — {x — a!) (f)^ and its differential coefficient 
with regard to x. 

Plence, as far as U and V are concerned, they are both finite, continuous, and one- 

dU clY 
valued throughout the beam. , ? ^- are everywhere finite, but are indeterminate 

dU L / 1 2 N 

at (i €v\ 0). As we proceed alonsr ?/ = 0, ■ , decreases abruptly by 7.' ( , (- -- 

^ ^ ^ ^ ' ay 2 \\ -j- fi fjL 

as we pass (-— a\ 0) and increases again by the same amount as we pass (+ a\ 0). 

Similarly y decreases by -' -y as we pass (— €i\ 0), and increases by the same 

amount as we pass (+ a\ 0), The first of these results means an abrupt change in 
the angle at which the distorted cross-sections meet the horizontal, and the second 
shows that the distorted form of the upper edge of the beam receives a sudden 
inflection downwards as we enter the layer of shear, and is again suddenly inflected 
upwards as we emers:e from it. 

It has been shown in a paper by the author '' On the Equilibrium of Circular 
Cylinders under Certain Practical Systems of Load'' (''Phil. Trans.,' A, vol. 198, 
pp. 147-233), that a precisely similar occurrence takes place in a circular cylinder 
subjected to a uniform ring of shear, over a certain length of its curved surface. The 
law that shear depresses the parts of the surface towards which it acts appears to 
be a general one. 

Passing on now to consider the stresses P, Q, S, we find that Q and S remain 
everywhere finite, but are indeterminate at the points (i a\ 0). If we keep to 
y^ =z 0^ Q is continuously zero and S changes by L at (i a', 0), as it should. 
But P not only contains a part which becomes indeterminate at (± a\ 0), it also 

2L r , 

contains a term — • — loff ^- which becomes infinite at those points. 

This is a result for which we had no analogue in the case of a uniform layer of 
pressure. In that problem the stresses were everywhere finite. We now see that any 
finite discontinuity in the shear introduces an infinite pressure or tension P in the 
neighbourhood of this discontinuity. This result, again, has been found to hold 
good for circidar cylinders. It may be laid down as an absolute rule that for an 
engineering structure to be safe, there should never occur any discontinuity in the 
shearing stress across any surface inside the material or on its boundary. It is true 
that in most cases the stress will be relieved by plastic flow and the variation of the 
shear will become continuous, though rapid. But such points, especially the point 
from ivhich the shear starts acting (— • a\ 0), where the infinite stress is a tension, 
will remain points of weakness and danger. 
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§37, ApplicaMon of Solutions of § 33 to the Case of Tension Produced hy Shearing 

Stress Applied to the Edges. 

In practice test-pieces for tension are usually strained by pressure applied to 
projecting collars, the latter transmitting this pressure to the body of the material in 
the shape of shear. In no case can we apply tension directly to the ends of a bar. 
It is therefore important to know how far the eifect of the method of application of 
the total pull disturbs the usual solution for a miiform tension. 

Let us then consider the effect of having two concentrated shears L, one as before 
acting at the point (0, h), and another equal and parallel to the first acting at the 
point (0, — h). By superimposing on one another two solutions of the type 
obtained in § 33, we get the solution required. It will be found that this solution 
gives a tension L/26 over the left-hand extremity of the beam and a pressure L/2/; 
over the right-hand end. 

If w^e require to have no tension over the right-hand end, and a uniform 
tension L/h at the left-hand end, to balance the shears, we have to introduce the 
uniform tension solution P = L/27), Q = 0, S = 0, IT = Lr^/2?>E, V = i')Jjy/2hFA ; 
we eventuallv find 

" ~ Wfi(Xf + fi) ah "^ U)fil\'"+ fJ.) ah "^ 2/>E 

/ 1 1 \ iiih 

——— ^_ -■- cosh m'b — — sinli 7^?/^ 

+ S ^ y^±± /^_f ^^-™__ ^^._-^,ii ^^_ (cosh my cos mx - 1) 

1 ma snili 2mb -f 2m,b ^ 

^ L (m,y cosli wl)) , , 
+ % -- ^ -rV^-ir-r .r 7 ^"^"^h my cos mx 

I mpa Biiin lino + Amb 
^r ^' h^'^/ . l/ny . ^ L cosli m}) , 

^ = ^RvT7) ^«/r + 2/,E + \ m^. s wr2m/r:r2,^- '''y ^"^^^ '"y '''' ''''' 

1 ] . 

-r ^T ^" -^- cosh, nib '\ mh sinh wb . , 

V _ ■^1"^ /^ ^^^^^ t^ ^VM\ my sni mx 

1 ma sinh 2mh 4- 2mb 

T-. L . . j» L 4 cosh mh — 2mh sinli mh , 

P r= -^ r {a — .t) — S ^i"^ ~T . "";7~,~ ^^^h my sui mx 

mb ^ 1 ci smh linb + 2mb 

=5 2L cosh 9)11) . , 

-— S -" -T-r"7r— TT-T my smh my sm m.x 

I a smh 2'mb + 2mb 

.-^ « L 2ml) sinh onb , 

( ) =: — ^ j3Qg|~, ^^^. ^^j^ r^^^r^ 

I a. sinh 2mh + 2????? 

, ^ 2L cosh ml) . , 

+ 2 -.- ;^^^^- — ^- -- mif Sinn wi^ sm tji^ 
1 a smh 27?i/> + 2'}nb 

^ L?/ , ^ 2L cosli w,5 , 

B = :~-:: 4- S ■ ----^-^-^-:^ — ~~~^- mtf cosli ^^ COS mr» 

:^r^/; 1 <r(^ sinh 2mb -f 2rrt7; '^ 

, =5 2L (cosh 5/?7> — m.b sinh m/A . , 
+ S — . , ,^ , — -^r—z — - smh m?/ cos m.^x, 
I a smh 2mo + 2-???/^ 
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If a be made to tend towards infinity, we get the expressions : 



1 



U 



\j^ L r 1 VV + yL6 



1\ 

_{ j cosh 'it 



1 



- %h sinli V, 

^EJ_,^ _ _ E ^^^ ^_„, / 



, III/ V.X 

cosh V cos • 



1 ) da 



+ 



^I 



/«30 



1 



cosh tij 



J • t in r» smn ~'~ COS ^ Cv't 

TTO Jq fi Sinn 226 + 2i6 b a 



V 



Et^v/ 



1 1 . 

coisli /6 + 76 sinh ?6 

E " "^ 1 X' + /i /6 . . /^// . ■if^-c J 

smn 2t6 + 2?.6 o 6 



P = 



L 

25 



L?/ 



TT 



f^oo 



y^ 



1 



cosh -lb 



wh Jq fi sinh 2'^6 + 2io 



cosh r sni :. cm 



h 



h 



2L f 2 cosh It — ii sinh w. , ity . us , 
TTO J siuh mo -f 2'^^ t^ c) 



'tm 



2L|/ r -x^ cosh ii . , cv^ . ...... J 

iro'^ J smh 2i6 -f 2i6 6 6 



Q=- 



2E p ^^6 sinli 26 , v/i/ . 7/./J ^ 

TTO J smh 2^6 + Mh b 



2l.y 



»oo 



u cosh if 



s 



'^^ ^ .^ ;-~smh - sm-r- cm 

irb^ Jq smh 2i6 + Mo b b 

2Ly r"^ lb cosh u , v.^-^/ ?.2t/; , 

7 I '""i T^ r\ cosn ""T" cos "tT" ctiv 

irb-' J smh 2'i6 + 2%b b b 

2L f"^ cosh ^6 — w sinli i^ . , wij tix , 

+ "-, — . V 7, 77 smh -f- cos-v" rf^^ 
7r6 J smli 2 16 + 2-16 b b 



(108). 



§38. Correction to he Applied in this Case to the Stretch along the Edges as we 

approach the Points of Application of the Load. 



One of the most interesting points abont a problem of this kind is to find out at 
what distance from the region of loading tlie stretch parallel to the axis takes the 
value it should have on the uniform tension hypothesis. In practice all measurements 
of Young's modulus for bars are made by observing the stretch between two points 
marked on the outer surface of the bar. It is of importance to know the error 
introduced as we bring these points closer to the places where the stress is applied. 

Let us therefore see how the stretch d\J /dm varies as we go away from the points 
of application of the load, keeping upon either edge of the beam. If we differentiate 
the expression (108) for U Math regard to x and then write y '=zh — y^ and transform 
the expression as in § 16, we get easily 
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dx "^ 2^E "^ ttE r^3 + TT^ r^ EttZ) Jo siiih 2^^ +2/6 ^^^ ^ 1 ^^^^ &' ^^ 

1 u . , (ly . 'itx -J Ly ix- . uy , nx .. 

— 7 , , , . . .. :;- smn ' 8111 .. au — '-■ . ^^ ;7 cosh ; sin ^ tt'^^ 

(X + yL6) TT^ Jo sum 2ii + 2//y /^ b Trfib-^ Jo siiili 2^6 + 2vy h b 

hi/ r 1 ^ 2/6 + G-'^"-' , , v/if ^. ^^^^ J 

"""^ -^ --- I _ Tx Slllil -, Sill 7 (-viii 

^irixlr Jo vSiiili 2/6 + 2'^6 ?^ ?; 

Putting in this y^ = 0, 

\d.x],,'^^ 2Wu ^ ttE X "^ TT&E Jo Hiiili 2// -f 2^a ^^^^ /; 
Now tlie last integral may be AA'ritten 

r"/l -»- %i + e'^'^'' , ^i^^ I \ , ux , 
__. „ r— + <^ ^ ^ - sni - -" c/t6 

J \ smii 2^6 + 2'^6 Zuj b 

+ y — 7^ ^2 ^i ^ ^^ positive^ 

4 /6'^ "7" dC/" 

and if ;:« is negative, then — 7r/4 must be written instead of + V^- ^^ is any 
positive constant. 
Now the function 



. / , 1 -- 2^6 + (^-^'^ , ^^^'^ 1 

^ ^ ' siiih 2'i6 + 2/6 ' 2/6 



«00 



is such that /'(O) =/'(cc ) = 0, /' (oo ) z= and |/" (r^) j du is finite. It follows 





00 



therefore from reasoning similar to that given on p. 107 that /(w) sin --■ du tends 
to zero as x increases. 



/6ZU\ 



Hence, if x be positively increasing I y ~ ) tends to 0, and if x be negatively 

\dX /y'^{] 



/ 71 ^' 

increasing ("tt) tends to L/&E, as it should. 

The values of the integral, calculated foi' various values of the I'atio aj/6j liave 
given the following values for | — ) ^ as compared with its value for a uniform 
tension L/6. 
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xjh 


\ dxly'^o 


( 5E ) 


-TT 


•997 


~ 27r/3 


•982 


^ 7r/2 
-7r/3 


•985 


1-084 


-7r/6 


1 • 652 


+ 77/6 


-•652 


+ 77 3 


- -084 


+ 7r/2 


•015 


+ 27r/3 


•018 


+ 7r 


• 003 



We see therelore that the stretch reaches its Hmiting value with very great 
rapidity. At a distance from the point of application of the load equal to about 1|- 
times the greatest breadth 26 of the bar the error in the stretch is only 3/1000. In 
fact the stretch begins to get near its limiting value at a much earlier stage than 
this, the error being less than 10 per cent, at a distance from the load of about half 
the greatest breadth. 

We find therefore that in this case also the distribution ot the load becomes 
practically indiflPerent as soon as we come to distances from the load which are of the 
same order of magnitude as the greatest dimension of the cross-section. As a 
practical rule, when accurate measurements are to be taken, it will be advisable 
to keep always a length varying from 1 to 1 1 times this greatest dimension between 
the points where the stress-system is applied and those at whicli measurements 
are taken. 



PAIIT V. 



bOLUTlONS IN FlXlTE TeKMS : SPECIAL APPLICATION TO THE OaSE OE A BeAM 

Cahrying a Unifohm Load. 

S 39. Solutioi'is in Finite Terms, 



If in (21)-(25) of pp. 70, 71 we write 



<^ (0 = i ^vi:^ (^^^ + '^'^ ^' 



X (v) 
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-J \^ + 2/jl 

u 



> 



2 %/ , .. (^« 



{B„) 7)" 



(109) 



y 
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GAO 



9. 



^ 



1. 



(C. + a),) t 



f » • e » • » \ \-\} %y \ » 






y 



we obtain the following homogeneous solutions in x, y. 



U = 



S/Tix^i^) ^^"^^^ + ■^"'""^ ~ V ^^"^"-^ ~ ^""«-i) + '2u ^^«"« + ^»'^'«) ' 



V 



X' + 3/A 



8/i (X' + ^) 



nil 1 



P = 



'•in 



. , -.V 71 Oi — 1) \ , -^ /on , n(n — l) . 



4 



+ n (C„M„_i + I)„v„_i) I. _ (110), 



Q = 



A / '^^ ,%(/?. — 1) \ , -D /'^^ ^^ (n — l) 



4 



4 



n (C,,?^,,^l + JynVn-i) 



S = A 



/^ 



9^ 

4 



^^..-1 



71 6?^ ~~ 1) 



+ B. 



171 



2 ^^^^^.-2 j + -t>;. 1 -^- '^^;.-l 



71 (n — 1) 



11 



{GnV,^^ — D,,7^,,_i) 



-Z 



where itn, v., are the two homop'eiieous solutions of --~ + --r = 0, thus, 

71 (72. — 1) 9 9, 



t^ 



?^ 



, n in — 1) (71 — 2) . „ , 



nx" y 



1.2.3 



and ^^Q ~ 1, v^ = 0, u__^ = 0, v_^ =: 0. 

We may add any number of such polynomial solutions. If we take n of them, 
beginning with n = 1, and in the expressions (110) write y ^= :^h, we find (Q)+^, 
(Q)_^), (8)4.5 and (S)„5 each equal to algebraic polynomials in x of degree (r^ — 1). 

Also, since A^, B^, C^, D^ come in only in the form j — C^, -^ + D^^, tbey are 

equivalent to only two constants. We have therefore (4n ■— 2) constants free. 

Now these are not enough to make Q and S coincide with any two given 
polvDonn'als on the uj^per and lower faces of the beam. Obviously, however, the term 
containing x'"'"^ both in Q and S is independent of y and therefore cannot satisfy a 
perfectly general condition. If we make this term disappear by writing C^ = A;,/4, 
D^^ — — B;,/4, we have now only 4n — 4 free constants left, but our polynomials 
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being now of the (n — 2)*^ degree, we should have enough constants to be able to 
identify Q and S with any two given polynomials on either face of the beam. 

As a matter of fact this is not so ; for there are solutions, namely, those for : 
(i.) a uniform longitudinal tension, (ii.) a pure bending couple, (iii.) bending with 
constant shear, which make Q and S zero over both faces and yet do not annul all 
the 4n •— 4 free constants. There must therefore be relations between the 4n — 4 
equations giving the constants. They are not all independent and, consequently, 
not every system of surface stress expressible in polynomials corresponds to a 
solution of this type, 

§ 40. Case ofn= 4. 



Let us see what surface conditions can be satisfied by the solutions of the fourth 
order. 

In this case, remembering J)^ = — B4/4, 



Q = 



-^ - C,) + (^ 



2C,)x + (-^-2D,)2/ 



+ 






4 



303^2 + ( 



IB3 - 6D3) xy + (f A3 + 3C3) f 



+ 12A,,t/^ + (- 3B, - 12D^)xhj + (5B, + 4D,)2/^ 



S = 



^' +Di) + (^/ + 2D,)x + (- 



4 



3A. 



c* 



2C,h/ 



+ (f 



+ 3D3 .^^ + (- IA3 - QQ,)xy + (- i^B3 - 303)2, 



and 



U 



+ (- 9A,, - 12c,) xhj - l2B,xy'' + (7A, + 4C,) y\ 

X' + >V I Aq + A^x + A2 {x^ — tf) 4 A3 («3 _ Zxy^) + A4 (cc* — Qxhf + tf) 
8fi {X +fi) I + Bjt/ + 2'B.2xy + B3 {Sx%j ~ y^) + B^ {4xhj - ixf) 

. _1 [ Bi2/ + 2B2a32/ + 3B3 {x'^y - f) + 4B, {a,?y - 3xf) 
4:fi\ - 2A^y^ — eA^xy^ - 4A4 (3a;y 



+ 



2fi 



V = 



1 r Co + Cicc + C3 (x^ - /) + C3 {x^ ~ 3xy^) + Q^ («* - 6a;23/2 + y*) | 
+ Djy + 2'D^xy + Dg {3x^y-f) + Jd^ (4a;3?/ _ 4x^3) 

J^' +J/i r -B0-B1CC-B3 (cc2-?/)-B3 («s_3x2,^)-B4 (a;*-6xy+/) 
8/1, (V + At) I +Aii/+2A3Cc^+A3{3a;2^— 2/8)+ A4,{4a;='y— 4x2/2) 

_ j^ I A^y + 2A2»(/ + 3 A3 {x^y - y^) + 4A4 («% - 3x^/3) 
V 1 + 2B3/ + &B^xy^ + 4B4 {3a;2^3 ~ /) 

J_ f Do + Jy^x + Dg (a;2 _ y^) + D3 (x^ ~ Sec/) + D^ (cc* - Qx^ + 2/' 

2/^1 - Ci2/ - 2C2a;«/ - C3 (3a;22/ - 2/3) - O4 (4x»3/ - 4 V) 

U 2 



+ 
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'^f + Gi) + x (^^ + 2C,) + y (f ^ 



+ af^ l^f + 3C3) + a:y {\m, + 6D3) + if {- ^Ms - 3C3) 

+ x^ (3A.^ + 4C4) + x^y (15B4, + 12D,.) + xf {- 211,,, -- 120,^ 

and we notice that, in virtue of the relation B,^, = ~ 41)4. the coefficient of x^y in Q 
goes out. Hence the coefficient of x^ is the same for Q^^ and Q_^. This alone 
shows that the, solution is not the most general that can be got, given that the 
stresses on the upper and lower surfaces are quadratic functions of x. 



§ 41. Defsrminatdon of tJie Const cmts for a Beam Uniformly Loaded, 

Here we have, over the upper surface y =- -^ h : Q = constant = q say ; 
over 7/ = — 6 : Q = : and over y z=: A- h : S = 0. 

The last two conditions imply 

^^j^ ^^j^]^{^^^^'^^%\)\^{) ...... (in). 

'J- + 2D3 - 12B,,.// :^ (112). 



3A, 



9 

Zj 



2Ca + // (7A.1. + 4Ci,) = (113). 



9 A nr*. A {\\i\ 

a-OLo ~*~ U v7o — — v/o « » 9 • 9 » » ' • » • » IX J, Try. 

O J >a 

4: 



'> -L. ^Tl (1 Til ^^ 

" I O X->' o 1/ • 9 « « s 8 » « » ♦ • • • \x X- *J J* 



(116) and 



2[ive at once 



4 v_y^t — — xA-j . . . . . V . 6 • * » » « • . y^ L i. / y. 



The conditions for Q give 

^y _ c, - (I + 2D3J h + y' i^ + 3C3J + h^ (5B,: 4- 4D,) = q . (119). 

^^ _ C^ a. (-'j + 21)2) 6 -f 62 (^^^« + 3C3) - ¥ (5B, + 4D,) = . (120). 



1 

4 



— " ^y J3o "' " O i^ Q — — » V/e s » a • o • • • • \ X^ A. J , 

^ ^ 2C^ -j- ¥ {UA^ == . . . . ... (122). 



3A 



-^ I 

8 



OkJo — — Us.«e»«»»»«» ^L £jO J, 
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3B4 — 12D4 = 0. 



(124). 



(124) is identically satisfied since 4D^ = — Bj,. 

Also (122), (118), (113) imply 

A, = C, = 
(119), (120), (112) lead to 



Also (123), (114) imply 



B, + 4D, = - - 



?>g ^ 



26 



B,= 



1658 



Ai — 4Ci = 2q 



9 8 



J 



.ixQ v_y 



'?, 



0. 



4 « 



. (125). 



» • 



(126). 



m « 



(127). 



(121), (115) are identicaL Together with (111) they give 



T> 

±5q 



1 



,,, (B, + 4D,) 



D 



3 



3&^ 

1 

1 



^^^^ (B, + 4D0 J 



P* • • • 4 • « • • 1.1- ^nJ O m • 



Equations (118), (124), (125), (126), (127), (128) contain the solution we require. 
If we substitute the values of the constants in the expressions for the displacements 
and stresses, we find, after some reductions : 



U = const. + X ^ 



^1 8/. (X' + /.) "^ 2/., J "^ E + E ^-^^ 



+ T^+Di 






^ h^ \ E 3 \ E ^ 9. 



\- 



M// 



41^ 



xhj „ / 1 . 1 \ 



E ~ *^ VE ■+" 



2/A, 



V 



const. 



f 



X' 



M 



+ 



Ci 



+ ('! + «; 



^1 1 8/^(X' + m) ' 2/A 



4a;,'?y^ 



E 



X 



p 

2 / o\ 

f («- ~ ^2/") 



R 



Ax^ 



3E6^ 



7? 



E&2 
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9 r«;'_„6^!r . ^4/1. 
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S = (7^ + Di)(l 
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In the above terms in A^, C^^ correspond to a uniform tension along x, the terms B^ 
to a rigid body rotation, the terms B^ to a solution for a pure bending couple, and the 

' -f- D J to a solution for bending under a uniform shear. These various 



terms ( '} 
\ 4 



constants can be adjusted according to the conditions at the ends x ^=: dz <^'- 

If, for instance, the total pressure over the ends and the total bending moment are 
to be zero, the load 2ga being balanced by the shear at these ends, we have 



3Ai 



+ C, - 0, 



4 



+ I), := 0^ 



Bo 






and we then have 






3 £V 
16 ^^ 



3 



^?yq 



niO 
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3 *+" 97.3 ' 



^"^ 2^^ 4A ' 4?/ 



s = 



3. ?? 

4 I 






1 — 



y 

1% 



^ * E//' ^ ■'' Ei 4?/' 1 E '^ \ E ' 2/i/; 



v = 



^ ^ + 5^ 1 (^^ "" ^^^ + 1 6^ E - ^ "E "" + y 



> (129). 



1 



J -^ 



This is the solution for a beam uniformly loaded on the top over a length 2a and 
held up by shears over its terminal cross-sections. In this way the case which 
occurred in the general solution, and of which the consideration was postponed in § 9, 
namely a^ =fz ^Sq, is seen to lead to a fairly simple solution in finite terms. 

S 42. Remarks on the above Solution, 



The above values (129) for U, V, P, Q, S in the case of a beam carrying a uniform 
load, lead to the following remarks : — 

(l) There is no ''Neutral Axis" jd^'^P^i'Ij so-called; i,e,, although the tension 
vanishes for y = 0, t is not strictly proportional to y, a cubic term being introduced. 
But if [a^ — x^)ly'^ be large, which is the case for any beam whose length is large 
compared w4th its height, the proportional effect of the terms introduced will 
be small. 
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(2) The stress Q is not zero ; that is, de Saint- Venant's assumption, that there is 
no stress across fibres parallel to the axis of the beam, does not hold. Indeed, it was 
obvious from the beginning that it would not, seeing that there is a stress Q at the 
upper surface, by hypothesis. 

(3) The distribution of shear at each cross-section is parabolic, and is given in terms 
of the mean shear by the same formula which holds when the shear is uniform. 



^^ \ dx'- L,-.a "^ ^ E&3 "^ 5E5 



The curvature is therefore no longei' exactly proportional to the bending moment, 
but contains an additional constant term. A similar result has been obtained by 
Professor Karl Pearson and the author for beams of elliptic cross-section under 
their own weight {' Quarterly Journal of Mathematics,' vol. 31, p. 90). It has 
since been shown to hold for beams of all forms of section by Mr. J. H. Michbll 
(^ Quarterly Journal of Mathematics,' vol. 32). 



§ 43. Historical Summary : Remarks and CriUctsin, 

It may be of interest to give in this place a short sketch of the previous works on 
the subject, in so far as they are at present known to me. 

Lame, in his 'Legons sur TElasticite' (p. 156 et seq.), discusses the general problem 
of the rectangular block, with the single restriction, that the surface stresses are 
purely normal and are even functions of the co-ordinates. He fails to determine his 
constants, except in the particular case where the cubical dilatation throughout the 
block happens to be previously known. As this condition is never satisfied in any 
actual problem, the solution is of comparatively little use. 

De Saint- Venant, in a classical memoir {' Memoires des Savants Etrangers de 
TAcademie des Sciences de Paris,' vol. 14), has given solutions for the rectangular 
parallelepiped under torsion and flexure. These solutions correspond to the case of 
terminal stress-systems which are transmitted through an otherwise unstressed 
long bar. 

Numerous attempts have been made to solve the problem of the rectangular elastic 
solid by removing one or more faces to infinity, and thus simplifying the surface 
conditions. 

M. Emile Mathieu, in his treatise, ' Theorie de TElasticite des Corps Solides,' 
Paris, 1890 (see also ' Comptes Rendus,' vol. 90, pp. 1272-1274), has given a solution 
of the problem when it can be reduced to two dimensions. His problem is therefore 
practically the same as that of this paper, except that he has considered only what I 
have called case (A) on p. 66, and also, that the length a is not taken to be large and 
the distribution of stress over the faces i« == ± a is given. The solution is, however, 
so complex in form, and the determination of the constants, by means of long and 
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exceedingly troublesome series, so laborious, that the results defy all attempts at 
interpretation. 

Dr. Chree ('Roy. Soc. Proc./ vol. 44, and 'Roy. Soc. Archives'; also 'Quarterly 
Journal of Mathematics,' vol. 22) has considered at length the solutions of the 
equations of elasticity in integral powers of .^c^ y, z, and has applied them to the beam 
problem. Among other results he has obtained expressions for the terms independent 
of z of a form similar to (110) of this paper. Incidentally, he verifies a number of 
BE Saint- Venant's results ; but no further application is, I think, made of the two- 
dimensional terms. 

Quite recently, Mr. J. H. Michell has investigated the theory of long beams under 
uniform load (^ Quarterly Journal of Mathematics,' vol 32, pp. 28 et seq.). The object 
appears to be to extend de Saint-Venant's researches to uniformly loaded beams. 
Mr. Michell deduces several interesting results applicable to beams in general and 
to the rectangular beam in particular, but, so far as 1 can see, he makes no claim to 
having obtained explicitly the complete solution in any case. 

The surface conditions, however, may be thinned down still further by removing 
four faces to infinity, leaving only an infinite plate of finite thickness. The problem 
in this form has been formally solved by Lame and Clapeyron (''Sur I'equilibre 
interieur des solides homogenes " ; ' Memoires des Savants Strangers de T Academic 
des Sciences de Paris,' vol. 4, pp. 548-552). Their solution, obtained in the form of 
quadruple integrals, satisfies the surface stress conditions over the two infinite faces. 
The objections to this solution are two-fold. In the first place it is difficult of inter- 
pretation, and the integrals do not enable us to obtam a clear notion of the separate 
effects of the various forces applied to the plate. In the second place this solution 
takes no heed of the conditions at the other four limiting faces of the plate which, we 
should always remember, although they have been removed to a very large distance 
away, have not physically disappeared. Given total tensions, shears and couples, 
applied to the four narrow faces of the plate, will produce stresses that will be 
transmitted through the plate, exactly as in the case of a bent or twisted bar, and 
will produce a finite effect at points of the plate infinitely distant from the edges, 
even though the large plane surfaces should be absolutely free from stress. 

In order therefore that Lame and Clapeykon's formulae may correspond to a 
physical reality, we must superimpose on their solution another of this transmissional 
type, such that the total shears and total couples due to the sum of the two solutions 
are all zero round the contour of the plate. Now the problem of the thick elastic 
rectangular plate, under given total shears and couples round its contour, but other- 
wise free from stress (which is the analogue for plates of the ordinary tensional and 
flexural solutions for bars), is another of the unsolved problems of the theory of 
elasticity and, until it is solved, Lame and Clapeyron's solution, unless it happens 
of itself to satisfy the conditions of no total force at the edge— which will only be 
true in special cases — fails. 
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More recently the same problem has been attacked by M. 0. Ribiere In a thesis 
C' Sur divers Gas de la Flexion des Prismes Rectangles/' Bordeaux, 1889 ; see also 
' Comptes Rendus/ vol. 126, pp. 402-404 and 1190-1192) in which he gives a solution 
in a series of circular and hyperbolic functions. He takes his plate of finite dimen- 
sions and built-in (encastree) at the edge. By this term he understands that the 
edge is constrained to remain plane and vertical, and is subject to no shearing-stress. 
For other terminal conditions the solution, as M. Ribiere states himself, is insufficient. 
I find that, if the edges of the plate be removed to infinity, his solutions degenerate 
into Lame and Clapeyron's integrals, of which they therefore give the true 
meaning. 

M. Ribiere, in the same thesis, has also investigated the two-dimensional case, 
which has been treated of in the present paper. ^ I am indebted to M. RibiIire for 
very kindly communicating to me his thesis, with which I became acquainted after 
my work had been completed. His solutions are of the form (26) (27) (28), and he 
determines his coefficients, as far as I can see, by the method used here, but does 
not transform his expressions further. Like Lame and Chapeyron, he restricts his 
applied surface stresses to be normal and investigates only two special cases. 

M. Ribiere takes, as I have done, m = mr/a. This, by the way, is not absolutely 
necessary. Another set of solutions might be obtained by taking m ~ [2n +1) TT/2a. 
When a is made very large, as is the case in every one of the problems treated here, 
either set of solutions will lead to the same final form, provided the total terminal 
conditions are attended to. M. Ribiere, on the contrary, in order to be able to 
evaluate his series, which become far more manageable when b/a is large, treats 
chiefly of cases of thick beams of very short span. Now in this case it is no longer 
permissible to consider merely the total conditions over the ends x =: ^i^ ^, ^^nd to 
treat the actual distribution over these ends as unimportant. M. Ribiere gets over 
this difficulty by supposing his beam to be encastre, as defined above. The same 
mathematical condition of fixing is assumed by Professor Pochhammer (' Crelle's 
Journal,' vol. 81) when treating in a similar fashion of the beam of circular cross 
section. 

It seems doubtful whether anything of this kind does really occur at an actual 
built-in end of a beam. Certainly Pochhammer and Ribiere's conditions do not 
agree with the view taken by de Saint- Venant, who, in his calculation of the 
deflection for a cantilever, has assumed that the elastic line is not horizontal at the 
built-in end. In this case, however. Love has pointed out that the elastic line may 
have any small slope at the built-in end, provided we superimpose a suitable rigid 
body displacement. But both he and de Saint- Venant agree to make the end 

■^ Since writing the above, I find that Professor Lamb (* Proc. Lond. Math. Soc.,' vol. 21, p. 70, paper 
read December, 1889) has worked out the same problem in the form of a series of circular and hyperbolic 
functions, but he has left his results in this form, without interpreting them further, and I cannot discover 
that he has considered end-conditions. 

VOL. CCI. A. X 
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sections distorted. As a matter of fact, what really happens at a built-in end is 
quite unknown. Under these conditions any solution which makes U==: 0, dY/dx:=^0 
over the ends must be restricted to the case of an infinite continuous beam resting 
upon a series of equidistant supports, each at the same vertical height ; the load 
carried by the beam being exactly repeated over each span. A rail under its own 
weight and carried on sleepers is an approximate example. In this case Pochhammee, 
and Ribiere's solutions are exact, and it is then legitimate to make the span as small 
as we please. 

In practice such conditions will but rarely occur, because, as is well known, any 
slight difference in the height of the supports, or in the manner in which the beam 
bears upon them, will upset the symmetry altogether. 

The ultimate step in the process of thinning down the boundary conditions is taken 
when one of the two boundaries of the infinite plate is itself removed to infinity, 
leaving only one plane bounding an otherwise unlimited solid. 

This problem also has been solved by Lame and Clapeyron {loc. cit.) in terms of 
quadruple integrals. In this case the limiting conditions at infinity cease to be 
important, because, in a solid infinite in three dimensions, finite stresses are not 
transmitted undiminished from infinity, as in a rod or lamina. The solutions, in 
fact, will lead to stresses that become zero at infinity. This has been shown by 
Boussinesq [' Applications des Potentiels a TEtude de TEquilibre et du Mouvement 
des Solides Elastiques,' Paris, Gauthier-Villars, 1885), who has interpreted Lame 
and Clapeyron's results, and obtained by a new method simple expressions for the 
stresses in an infinite solid, due to arbitrary surface forces applied to a bounding 
plane. The same results have been obtained by Professor Cerruti [" Ricerche 
intorno all' Equilibrio de Corpi Elastici Isotropi,'^ . '' Reale Accademia dei Lincei,' 
vol. 13, 1881-2) in a different way. 

BoussiisrESQ, on p. 280, suggests a possible application, of his method to the case 
of two parallel planes, but he makes no attempt to follow it up. 

In two papers in the ' Comptes Pendus' (vol. 94, pp. 1510-1516, and vol. 95, 
pp. 5-11) he has considered the case when the problem of the infinite plane may 
be treated as two-dimensional, and there he has tried to extend his method to two 
parallel planes, but had to fall back upon an assumption mathematically unjustifiable. 

§ 44. Recapitulation of Results and Conchcsion, 

Looking back upon the results obtained, we see that the general solution given 
has enabled us to deal with all the most important statical problems connected with 
the elastic equilibrium of a long beam, of finite height, in so far as the approximation 
involved in treating them two-dimensionally is valid ; and it will be valid, if the 
horizontal dimension of the cross-section be either very small or very great. 

Incidentally the question of the effect of concentrated loads, whether in the form 
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of pressure or of shear, has been discussed. In the case of a beam doubly supported 
and carrying a concentrated load in the middle, a convergent series has been 
obtained, giving the exact correction which the finite height of the beam makes it 
necessary to apply to Boussinesq's results for an infinite elastic solid. 

The results of this part of the paper have been tested by experiments on glass 
beams, of which it is hoped to eventually publish an account, and they have been 
found to agree, on the whole, with observation. 

The effects of pressing a block of elastic material which rests on a rigid plane, and 
the manner in which such pressure is transmitted to the plane have also been 
investigated. It has been found that the pressure on the plane is limited to a 
restricted area, outside which the elastic block ceases to be in contact with the plane. 

The effects of shearing stress have next been considered, in particular the 
distortion which it produces in lines parallel to the axis of the beam. As in the case 
of the circular cylinder and in that of the infinite solid bounded by a plane, shear is 
found to depress those parts of the material towards which it acts. 

It is also found that a discontinuity in the shear applied to the surface— although 
the shear remains finite — involves one of the other stresses becoming infinite, and so 
is a source of weakness and danger. 

The behaviour of a beam under two concentrated loads, acting in opposite senses 
upon opposite faces of the beam, has been studied. The manner in which the shear 
across the section varies as these loads are made to approach each other has been 
exhibited by various diagrams. They show how rapidly the effects of the particular 
distribution of any total terminal load die out as we go away from the end. At 
a distance of the order of the height of the beam, they already begin to be 
negligible. 

At a lesser distance than this, however, such effects may become exceedingly 
important. The case of rivets is instanced, and it is suggested that the results 
obtained here may give some information which shall be useful in this connection. 

Finally a solution in finite terms is obtained for a beam which carries a uniform 
load. It is shown that the assumptions of the usual theory of flexure are in this 
case no longer true, but are approximately true only if the height be very small 
compared with the span. The correction to the curvature, as calculated from the 
usual formula, is found to be a constant. 

With regard to the numerical work, the arithmetic has been checked wherever 
possible, and it is believed that no serious error has crept in. The values of the 
integrals, however, have been obtained by the use of quadrature formula, and these 
may not have given a satisfactory approximation in all cases. The three first decimal 
places, nevertheless, should be correct. As the numerical work was undertaken 
chiefly to illustrate fairly large variations and to represent them by diagrams, this 
accuracy appears sufficient. 
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